Last time we defined local heights by

k(p)

Ap(P) = maxminlog
. tiSp

where D = (sp, %, s, #,t) is a presentation of Cartier divisor D.

Our goal is to study how the presentation affects the height, and it turns out it is
bounded by a constant.

As usual we will fix an absolute value | - | on K.

Let U C A" be closed. A set E C U(K) is bounded in U if for any

f eK[U]=K[xy,....x,1// Z(U)

, the function |f| is bounded on E, i.e. {|f (u)| : u € E} is a bounded set in R.

Let {fi, ..., fy} be generators of K[U]. If

su ax |f:(P)| < oo
SHERe le]( )]

then E is bounded.

Proof Take f = p(fi, ..., fy) Where p is a polynomial in K[U]. Let C be the number of
monomials in p and d the degree of p. Define 6 = 1 if the place is archimedean and

0 otherwise. Then let |p| := max; |a;| where a; range over all coefficients of p. Then
we see

sup|f (P)| < C°|p|- max(1,sup max |f;(P)])* < co
PEE peE j=1,...N

.....

If {U;} is finite affine open cover of affine K-variety U and E is bounded in U. Then
there are bounded subsets E; of U; such that E = |_J E.

Proof. WLOG we may assume U; = {x € U : h; # 0} for some h; € K[U]. Define E, :=
{P € E : |h;(P)| = max, |h(P)|}. Say fi,...,fy generates K[U], then f,,..., fy,1/h;
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generates U;, and thus it suffices to prove 1/h; is bounded on E;. Now use the fact
there exists regular functions g; so >, g;h; = 1 to show

sup |1/h;(P)| < C° supmax |g(P)| < oo
PEE; peE k

Let X be projective variety over K, D, D’ be two presentations of Cartier divisor D.
Then there exists v so
|Ap(P)—Ap(P)| <

for all P ¢ supp(D).

Proof. Note A is functorial, thus Ap —Ap = Ap_p.. Thatis, A, —Ap, is a local height
with respect to D — D, i.e. it suffices to prove the claim for D being trivial and one of
the presentation, say D', is equal (1,.%,1,.#,1). Thus D = (1,.%,s, .# ,t). We need
to find y so

—y < maxminlogls,/t,(P)| <y

To that end, it suffices to prove
maxminlog|s/t,(P)| <
as we can exchange the role of s and t.

Choose embedding X < P" with coordinates (x, : ... : xy),and U, = {x € X : x; #
0}. Now define U;; = {x € U; : t;(x) # 0}. Then g;; := s,/ t; restricts to U;; are regular
functions. The functions f;; = x;/x; generates K[U;]. Now define

E;={PeX(K): |x,(P)| = mJTcIXIXj(P)I}

and its clear for P € E;, we have max; |f;;(P)| = 1, hence E; is bounded in U; by lemma
above. Thus we can apply another lemma to U; and E; to obtain bounded subset
E; CU; and

sup max |g;(P)| < oo
PeE; k

Since E;; covers X(K), we are done.

Now let us fix number field K, then for each place v and Cartier divisor D with pre-
sentation D, we define

s
Ap(Pv) = maxminlog |——(P)|,
s tiSp
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Now let p € Mg, be the place lying below v, and u € Mg extend v, then

F,:
Ap(Rv) = %ADUD)

where the A,(P) is the local height with respect to u defined in our last talk. Thus,
we can apply all the results we developed for local heights to A, (P, v).

Consider D = {x, = 0} in P" with presentation
D = (xOJ ﬁ(l)a {XOJ "')xn}, ﬁ; ]-)

For P € P"(F) with x,(P) # 0 and v € M;, we have

Ap(Pv) = maxlog | =£(P)|,
k Xo

and thus product formula implies

h(P)= > Ap(BV)

vEME

where h(P) is the height on projective space.

Now let A be a local height relative to the presentation D = (s;,.Z,s,.#,t) of
Cartier divisor D = (U, f;). For P € X, we want to define the global height with respect
to D, which should be intuitively just sum A,(P,v) over all the places in M. Thus, we
want to twist D so that P always not in the support of the divisor.

Specifically, for P € X, since (.Z, s) an (.# , t) both gives embedding of X into some
projective space, there are s; and t; so s;(P) # 0 and t;(P) # 0. Thus, we can find non-
zero meromorphic section s : X — ¢'(D) of &(D) so P is not contained in the support
of the Cartier divisor D(s) := (U, f; o s) with presentation D(s) = (s, .%Z,s, .#,t), and
we have

AD(S) = AD + A's/sD

In the situation above, the global height of P € X (F) relative to A = A, is defined
by
h,(P) = Z Apes) (B V)

vEMp

The global height h, is independent of F and the section s.



Proof. 1t is clear this definition is independent of F. Now let t be another non-zero
meromorphic section of &(D) with P ¢ supp(D(t)). Then we see

Ap)(BV) = Apy(Bv) = Ay (B V)
for any v € M. But the product formula says
> AgBv)=0
vEMp

and so we are done.

Let A, A’ be local heights relative the Cartier divisors D,D’, with D — D’ a principal
divisor. Then h, —h,, is a bounded function.

This roughly follows from the fact A, — A, is bounded by a constant.

The map h : Pic(X) — R*/O(1) from Picard group of X to the space of functions
from X to R quotient by bounded functions is a homomorphism of groups. If ¢ :
Y — X is a morphism of irreducible projective varieties over K, then

Let X be projective over Q.

Let¢p : X — IE% be a morphism over Q. The Weil height of P € X(Q) relative to
¢ is defined by h,(P) := h o ¢(P), where h is the usual height on IP’%.

Now let ¢ : X — P" and ¢ : X — P™, then we define the join ¢#v as the
morphism

Spm © (¢ x1d) o T(9)

where s, ,, is the Segre embedding, ¢ x Id a fiber product, I'(3)) the graph of 1.
Explicitly,

p# s X — PO e s (¢, (o) ()



If ¢ is a closed embedding, then ¢ #1 is closed embedding. Indeed, I'(v)) is
always closed embedding as X is assumed to be separated (separated=closed di-
agonal=closed graph=closed equalizer). The Segre embedding is always closed,
and closed immersion is stable under base change and composition, hence we are
done.

Ifp : X - P"and ¢ : X — P™ are morphisms, then

Now we will show global heights=difference of Weil heights.

Say we have ¢ : X — P", then there is a linear form £ = > {;x; which does
not vanish identically on irreducible components of X. Then we see hy, is the global
height associated with ¢*(£, Opn, {xy, ..., X, }, Opn, 1). Conversely, say we have D =
(s,.Z,s, . #,t), then (Z,s) and (.#,t) both induces closed immersions ¢, of X into
projective spaces, and its not hard to see h, = h, —h,,.

Let X be projective variety defined over a number field K, h, a height function
associated with ample . € Pic(X). Then the set

{PeX(K):hy(P)<C,[x(P):K]<d}

is finite for any constant C,d € R.

Proof. This follows from Northcott theorem for heights on projective space.

The last thing we will do is explicit bound on the difference of two Weil heights.

Let X be irreducible projective over Q of dimension r. Then there is a Q-morphism
7 : X — P"*! such that X is mapped birationally onto a hypersurface.

Note K(X) is separable over K, thus K(X) is finite dimensional K(f, ..., f,)-vector
space, where f; are algebraically independent. Thus K(X) is generated by a ratio-
nal function f,,,; over K(fi, ..., f,). Now let p be the minimal polynomial of f,
over K(fi, ..., f,), and assume p = q(fi, ..., f,) with ¢ € K[x1, ..., X, ]. Then V(q)



is birational to X.

Now let g, ...,%,,, be the standard coordinates of P"*!, then we may assume the
hypersurface is given by V(f) where f is irreducible homogeneous of degree d, and
it is given by

f @05 Zr1) = fo + fiZpan + oo+ faa2l) +22,,

with f; € Q[z,, ...,2, ] homogeneous of degree d —i, f(0,...,0,1) # 0 and d the degree
of X with respect to 7* Opr+1(1).

Now let S be the homogeneous coordinate ring of 7(X), say

S= Q[Zo, "':Zr+1]/J

for some homogeneous ideal J (its generated by f).

Let f € K[ty,..., t,] be a polynomial, then the height of f is defined by

h(f)= Y loglfl,

vEMy

where |f |, = max; |a;|, where the max is taking over all coefficients of f.

Letgp : X — ]P’% be a closed embedding and x,, ..., x,, be the standard coordinates.

Let p be a vector with entries p; € S where i = 0, ...,n, homogeneous of degree
d. Then we say p is a presentation of ¢ if the following conditions are satisfied:

1. If 1 €{0,...,n} and x;|y # 0, then p; #0
2. Iflisasin (1) and i € {0, ...,n}, then

Pi _ %i

P Xy

in Q(X)

the number d here is called the degree of p and its denoted by d(p). Note p; are

.....

Let ¢ : X — P" 1) : X — P™ be closed embeddings with corresponding presentations
q, p- We assume ¢*Opn(1) = Y*Opn(1) and d(q) = 1. Then for P € X, we have

hy(P)—hy(P) < Ci(n+1)d(q)" " (A+B +log(n +1) + C,)



where

(d+1)(r+1)

C,=d
r!

,Co=([d—1Dh(f)+d(d+r+1)+r+1

A=h(p)+h(q)

B = r10g(6+ 6d:p)) +rlog (6+ 6d£q))
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