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This is a course on asymmetric functions, with instructor Oliver Pechenik at
University of Waterloo, in Fall 2021.

The universe of this course will be Z[x1,...,z,]. In particular, in symmetric
function theory, we will be looking at

Z[zy, ..., 2n]5"

which is the ring of invariant of S,,, where we use s; := (7,7 + 1) as set of generators.
In particular, we will consider three different actions of S, on Z[X]:

1. Permute the coordinate, i.e. - f(z1,...,2,) = f(Zx(1), -, Tr(n))- In this case,
the ring of invariant is symmetric polynomials Sym,, = A,,.

2. Permute the coordinate only when one exponent is zero and one is not, i.e.
the action of s; on monomials is given by

Si Ty Ly =
xex?

ti+10

- 2bz¢,,,  if a,b not both positive
otherwise

Then the ring of invariant is called quasi-symmetric polynomsials, and its
denoted by QSym,,.

3. The trivial action, i.e. w(f) = f and the ring of invariant is Z[ X ], we call this
asymmetric polynomials and its denoted by ASym,,.

It turns out that all the things we can do in symmetric functions, have its
counter-part in

cohomology theory ¢ K-theory ¢ elliptic cohomology ¢ cobordism

In this semester, we will be dealing with cohomology (of Grassmannian), K-theory,
with and without the adjective “equivariant”.

Some notations:

A, .,y for partitions.

a, 3,7 for compositions.

a, b, c for weak compositions.
PEET S

> 89 =

To start with, we know Sym,, is Z-module/Q-vector space, but its infinite di-
mensional. Hence, we are going to consider its graded pieces, i.e.

Sym,, = € Sym{™

m>0
where Symgm) contains all symmetric polynomials with homogenous degree k.

Thus, what is the dimension of Symgm)? Well, given any monomial of degree
m, we know its not in Symgm), since it need to be symmetric. Thus the minimal
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symmetric polynomial contains the given monomial [];2; z;* would be, we apply all
permutations to it and add it together, and for all repeating terms we only keep one
of them in the sum.

This is the monomial symmetric polynomials m), where A is any partition. In
particular, m, spans Sym, and they are linearly independent, hence m, forms a
basis of Sym,,. In particular, this implies

dimgy, Symglm) = number of partitions of m with at most n parts

However, this is not the “good” basis. To see what would be a good basis, we
consider a map of S,, on Z[X|:

1. For 7€ S, we have 7 f(z1,...,2,) =sgn(7) f(Zr(1), .-, Tr(n))

The set (this is not a ring!) of polynomials satisfy the above condition are denoted
by V,, Sym,, the alternating polynomials. In particular, inside this set, by setting
any 2 variables equal gives us 0.

There are two particular alternating polynomials we can look at. The first one
being the Vandermonde polynomial

Un = H (z; — z;)

1<i<j<n

This has the property that v, divides all alternating polynomials, as if we set any
2 variables gives us 0 and hence it contains the factor z; — ;. In particular, we see
for any alternating polynomial o we have

a(X) = vp(X) - g(X)

where by apply permutations to the above equation we will see g(X) must be sym-
metric.

In particular, if we consider the minimal alternating polynomial j, containing
Xa, then we see if a has repeated value then j, = 0. Thus, we might consider strict
partitions, which are partitions without repeat and we get a basis for V,, Sym,,, which
are jy for 6 run over all strict partitions.

Moreover, if we set § = (n—1,n-2,...,0), then every strict partition looks like
0=0+A
where \ are just any partitions. This is clearly a bijection. Hence we see
dim(V;, Sym{™ &) = dim Sym(™

where the (;) is given by Vandermonde polynomial v,,. Since the two vector spaces
are isomorphic, we see by multiply/divide v,, we get an explicit isomorphism be-
tween the two vector spaces.

By the isomorphism, we see the appropriate notation for jy should be jy, where
0=0+\



The Schur polynomaal s, is

Sy = jA/Un

Using Schur polynomials, we can get two more bases of Sym, which are the
following definition.

The complete homogenous symmetric polynomials are
given by hy =[] sy,.

The elementary symmetric polynomzials are given by e) :=
[1sx where 1% =111...1 is the partition of \; many 1.
1

{ex},{hr} are bases of Sym.

For bases A, B of a free Z-module, say A refines B if every
element of B is a linear combination elements of A with non-negative integer
coefficients. We use B - A to denote this.

The Sym basis satisfy

{ex}
\
{sx} —— {m,}
/’

{hx}

A semistandard tableau T is a filling of the Young diagram
of X\ of positive integers such that the rows are weakly increasing from left to

right and strictly increasing from top to bottom. This is denoted by SST or
SSYT.

Sy = Z xwt(T)
TeSST(X)

where wt(T) = (#1s, #2s, ...).

Let V be an Z-algebra with Z-basis vy, ..., v,, define struc-
ture coefficients cf; by v;-v; = ¥, ¢juy.

We would love to have the ¢, to be non-negative integers. In our Sym case, we
have {m,},{er} and {h,} to be non-negaitve integers. For e, and h, it is easy to

see, e.g. exe, = exy, Where AU just means concatenating the two partitions and
sort them.



Suppose sy -5, =), v
Then ¢, is equal the number of ballot semistandard tableaux of shape v/\ and
m
content .

Well, there are a lot of new words in the above theorem. So here goes definitions.

Let v, A be two partitions, then /) is the Young diagram of
v set minus the Young diagram of \.

A content of a filling for a Young diagram is given by
(a1,as,...) where a; means a; many 4’s in the filling.

Next we need to define what ballot means.
For a tableau we define the reading word as read the tableau
from top to bottom, right to left. E.g.

12
214

= 21142

Then we call the reading word ballot, if when we read two leading words left
to right, we always have seen at least as many i’s as (i + 1)’s for all 7.

We compute c37)y,. Thus the skew diagram looks like

This correspond to the following three tableaux

1 1 2

2 1 1

Next we need to check ballot condition, and this rule out the last one 211. Hence

321 _
Co121 = 2.

Next, we talk about little bit of K-theory.

We use SV(A) to denote the set of set-valued semistan-
dard tableaux, which is a filling of the Young diagram of A by non-empty sets
of positive integers, such that However we delete all but one entry of each box,
we get a semistandard tableau, e.g. if we have

A|B
C




then we must have max(A4) < min(B) and max(A) < min(C).

The symmetric 3-Grothendieck polynomsial is

‘g)\ = _)\ = Z /BGX(T):L,WTZ(T)
TeSV (M)

where ex is another weight function given by ex(7") equal the number of extra
numbers.

We consider S31(x1,22). Then we have three set-valued semi-
standard tableaux

1 12 11,2

?

SO
So1 = x%xQ + a:lx% + ﬁxfazg

where we note if we set =0 we get s9; back.

Similarly we have five elements in SV(31), given by

111 11112 1122

A quick way to check whether we get all the SV(\), we can compute s5(5 =
-1,x; = 1), then normally the value should be 1.

We have
SEEDWE
14

where CK# is BN multiply the number of ballot genomic tableauz of shape
v[/X\ and content .

This time, v/\ is still the skew diagram, but we are going to get |v| > [\ + |y
as we are taking set values. Next, we need to explain what genomic means.
A gene of a family 7 in a semistandard tableau is a collection

of labels ¢ that are consecutive in left-to-right order with no two in the same
row.

A genomic tableau is a semistandard tableau with a parti-
tion into genes.

The content in this case is given by (# of 1 genes, # of 1 genes,...). For



example,

2

would have content (2,1) as we have two 1 genes and one 2 gene.

A genotype is a choice of one box per gene. Then a genomic tableau is
ballot if all the genotypes are.

Let f € Z[xy,...,x,], then f is quasisymmetric if for all
(a1, ..., ax), (i1 < ... <ig), (J1 < ... < ji) € ZF, the coefficient of z'...x{* is equal

ik
the coefficient of :U?llx;‘:

To start with, we can do something similar to monomial symmetric polynomials.
For example, if we start with z122 € Z[x1, 22, 23], then we see we must add ;23
and z922 in it to make the polynomial quasisymmetric. In this case, the best index

should be x;22.

1. A weak composition is a finite string of nonnegative integers.

2. A (strong) composition is a finite string of positive integers.

3. For a weak composition b we define the positive part of b, denoted by
b*, to be the composition obtained by delete all zero in b.

For every strong composition «, we define the monomial
quasisymmetric polynomial M, (x4, ..., z,) to be

My(z1,...,z0) = > 2°
b

where b range over weak compositions of length n with b* = .

One should convince oneself M, form a basis. Also, we should expect the
structure coefficients to be positive.

Let o be composition with length m and [ be with length n. Then af is the
composition obtained by concatenation. Next, consider a value k with max(m,n) <
k < m+n and a surjection ¢ : [m +n] - [k] such that t(i) < ¢(j) for i < j < m or
m<1<7j.

For the choice of k and ¢ : [m+n] — [k], we get the corresponding overlapping
shuffle of o, is y(t) given by v; = ¥y;)=i(aB);. We write am, 3 for the formal
sum Yy, ¥(1).



We have (2)mig(1,2) = (2,1,2) +2(1,2,2) + (3,2) + (1,4).

M, -Mgs= ZCZCBM7
v

where Czﬂ is multiplicity of v in atg 5.

For example, we should have M2M12 = M212 +2M122 +M32 +M14.
One can indeed verify by direct computation.

Say [ refines « if o can be obtained from [ by summing
consecutive entries and we write [ E «.

We see (1,2,1) £ (1,3) and (1,2,1) = (3,1) but (2,1, 1) # (1,3).

The fundamental quasisymmetric polynomials
Fo(x1, ., zp) = be
b

ranging over weak compositions of length n with b* E «.

We see

F13($1,$2,[E3) = $130 S LU103 + I‘Olg + 1’112 o 513121 = M13 + M112 + M121

The M, basis refines the F, basis, i.e. {Fy} — {M,}. In
particular, Fo =Y 5., Mg.

The remarkable thing is F|, also have positive structure coefficients.
Let A, B be two words on disjoint alphabets A, B, then a
shuffle of A, B is a permutation of AB such that the subword on A is A and
on Bis B.

In other word, if |A| = m, | B| = n, then shuffle is bijection s : [m+n] = [m+n]
such that s(i) < s(j) when i <j<morm<i<j.
Now let «, 8 be two compositions.
Set A be the alphabet of odd integers and B the even integers.

Then we define A to be a; copies of 2¢(a) — 1, ay copies of 20() = 3,...,0(a)
copies of 1. For example, if o = (2,1,3,4) then A should be 7753331111.

Similarly we define B to be 3, copies of 2((3), B2 copies of 2((3) - 2,..., Bup)
copies of 2. For example, if 8 =(2,1,3,4) then B is 8864442222.

Then let A B be the set of shuffles of A and B. Note |Am B| = (|a|+w|).

lof

For C'e Am B, we break C' into maximal runs of weakly increasing entries. The
descent composition des(C') has des(C'); equal the length of the ith run.



The shuffle product (due to Eilenberg and MacLane) is the
formal sum a5 =Y qeq g des(C).

Let o =(2),5=(1,2), then A =11 and B =422. Then we have

AmB
= 4122|11 + 42[12]1 + 4]122|1 + 14]22|1
+ 420112 + 4[12]12 + 14[2[12 + 4{1122 + 14]122 + 114|22

and so

amf =122+ 1121 + 131 + 221 + 113+ 122 + 212 + 14 + 23 + 32

Fa'FB:ZO;/ﬂFV
0l
where czﬁ is the multiplicity of v into the shuffle product am 3.

If we have four variables, then FyF|y = 2F 99 + Fi191 + Fi31 +
Fooq + Fiy3 + Fo9 + Fig + Fos + Fyo.

Now recall the symmetric group has generators s; = (1,0 +1) with 1 <i<n-1
with relations:

1. s2=1d
2. sis5=s58;1f [i —j| 22
325,811 S, SRS 550

This is all the relations of S, and from this we get a similar definition. Then the
representations of S,, correspond to symmetric polynomials (this map is called the
Frobenius map), and irreducible representations correspond to Schur polynomials.

The 0-Hecke algebra has generators 7; for 1 <i <n-1 with
relations:

1. mimj=mm ifli-j| 22
2. TiTis1Ti = Tis1TiTisl

2 _
3. 17=7;

In the case of 0-Hecke algebra, representations of 0-Hecke algebra correspond to qua-
sisymmetric polynomials, and irreducible representations (they are all 1-dimensional)
correspond to F,. However, in this case we can get indecomposable representations
of dimension greater than 1.

Last time we learned M, and F,. Today we will talk about quasisymmetric
Schur polynomials (or quasiSchur polynomial) due to Haglund, Luoto, Mason,
Van Willigenburg in 2011.

The combinatorial structure of this will be weird, but they actually come from
specialization of MacDonald polynomials.

9



First, if we have a weak composition, we can still make a Young diagram asso-
ciated with it, e.g. if we have (4,3,0,7,1) then the diagram is

In some convention, we will also add a “basement” at column 0.

A composition tableau of shape a is an assignment of pos-
itive integers to the cells of the Young diagram of weak composition a.

A triple of boxes is a set of 3 boxes in the configuration

or

where at left the upper row weakly longer and at the right the upper row strictly
shorter.

A triple is tnwversion if, when we label the above triple by the following

Z|X Y

or

Y Z|X

we don’t have X <Y < Z.

A composition tableau is semistandard if:

entries don’t repeat in a column.

rows weakly decrease left to right.

every triple is inversion.

entries in the first column (not the basement) equal the row indices.

= 89 9 =

For a weak composition a, write ASST(a) for the set of
semistandard tableau of shape a. Then we define the Demazure atom

Qla — Z xwt(a)
TeASST(a)

10



The quastSchur polynomial

Sa(xl,...,xn) = Z Q(a = Z Z IWt(T)

at=a at=a TeASST(a)

where the latter sum is over weak composition of length n.

513($1, T2, 903) = o1z + Aoz + Aizo

Next we need to find each Demazure atoms.

We start with 130, which have the shape

By rule 4 of semistandard composition tableau, we see we must have

2

But by rule 2 we see we already don’t have much choice. Next, we see we
only have one triple, which is the one contains 1 and 2. Since we don’t want
X <Y < Z, hence we must have

212

and the last box can be both 1 or 2. Thus we end up with the following

Next, we consider 103. The shape is

1

3

With similar argument, we see we have five possibilities here:

1 1 1 1 1

11



For 013, it is also similar and we get

Thus, we see their corresponding generating function would be

— 3 2,2
S13($1,$2,(E3) = (l'1$2 + X175
+ ([Ell'g + 5(711‘2.17% aF l’%l‘% + l’lfbgfﬂg + JZ%ZL‘QI’3)

+ (@3 + 23235 + T17273)

which is indeed quasisymmetric.

S, € QSym

Proof. We want to show S, is invariant under x; <> x;,; in monomial that without
both z; and x;.1.

Let X, ; is equal the semistandard tableaux of shape a with a* = o and 4 not
appearing.

Define ¢ : X, 41 = Xo,; by replacing all i’s with (i +1)’s and moving row ¢ into
row ¢ + 1.

Thus we want to check the map is well-defined and land in X, ;, and the inverse
map. Thus we look at the four conditions in definition of semistandard composition
tableaux:

1. (1) is clearly satisfied.

2. (2) is fine as well, as we see if we have (a,7,b) in a row, then since we don’t
have ¢ + 1 we have a >7+ 1 and so a > i+ 1 and we don’t care about b. Hence
(2) is satisfied.

3. (3) is fine if you think about it as it only depend on relative order.

4. (4) is clearly satisfied.

By the same reasoning, we see the inverse map is also well-defined, thus we are
done the proof. Q

The my expand positively in the M, basis in QSym, i.e.

ma(z1, ..., Tp) = Z M (21, ...,x,)

sort(a)=X\

The sy expand positively in the S, basis. In particular we have
SA(xh ) l’n) = Zsort(a):)\ Sa($1, 000 In)

12



We have

{Sa} — {Fa} — {Ma}

I I

{sa} > {ma}

We continue the example and try to expand s3; using S,. Well,

we already know Si3(z1,x2,23), and next we compute S3; = U310 + Az01 + Ao31-
For 310, we get

111
2
and for 301 we get
11111
3
and 031 we have three:
212 211 111

Sum together we get

Ss1(x1, T2, x3) = (zix2) + (2313) + (2373 + 217273 + 227973)
Now we add Si3(x1,x2,x3) and S31(x1, 22, x3).

{Sa(z1,...,2,)} is a basis of QSym,,.

Proof. Take the reverse lexicographic order on monomial, i.e. 2% < z? iff b - a has
rightmost non-zero entry is positive.

Notice 2, = % + smaller stuff, so

n—l(a)
S, =0 ® 4+ smaller stuff

where 074« is concatenating a bunch of 0 in front then put « at the end. This
immediately tell us S, is linearly independent (since each o would have a unique

0n~#®)q) and spanning (since each monomial quasisymmetric must contain one of
xon—f(a)a) v

Last time we were talking about quasiSchur polynomials, and we proved they

13



are quasisymmetric and form a basis. In the refinment diagram

{Sa} — {Fa} — {Ma}

I I

{sx} > {ma}

we know four of the five arrows, and we are only missing {S,} - {F,}. However,
we also want to know the arrows between {s,} and {F,}, i.e. we want to know the
dash arrow in the following:

{Sa} — {Fa} — {Ma}

P 0

g
{sa} > {ma}

Well, before this, we study {S,} = {F,}.

We say T is initial if the integers ¢ appearing in 7" are an
initial segment of Z*.

We reuse the example of Si3. We see the following are initial:

1 1

We say T is quasi- Yamanouchi (qY) if, for all i € T', either
1 appears in column 1 or there is an 7 + 1 weakly right'of an 1.

The following are qY:

1 1

Sa =Y Fuu(r)
T

where the T is summing over all T € Uy+-o ASST (a) such that T is initial and
quasi- Yamanouchi.

!Not in the same row, but just on the right in general

14



Since we know F,, correspond to 1-dimensional irreducible representation of
the 0-Hecke algebra, and S, expand positively in F,, each S, is quasisymmetric
Frobenius characters of some 0-Hecke module.

In particular, if
Sa = Z CgFﬁ
B

then S, corresponds to @z A1 3, where Ig’s are irreducible representations.

However, this is boring, and we can do better. By Tewar and van Willigenburg
(2015), we get a 0-Hecke module structure on the formal span of the 2SST, but this is
still not indecomposable. Thus, it is still an open problem to find an indecomposable
module for S,,.

There is another sad thing. The S, basis does not have positive structure
constant. But, we have a weaker thing is true, that is, s,-.5, is positive in quasiSchur
(due to Haglund, Luoto, Mason, van Willigenburg). We will later find that, this
seems always be the case, i.e. when we have a basis, even it may not have positive
structure coefficient, but if you multiply with s,, its always positive.

Finally, we note the QSym bases have K-analogs:

1. The multi-monomazal: E_: M, + higher terms.
2. The multi-fundamental: F, = F, + higher terms.
3. The quasiGrothendieck: S, =S, + higher terms.

The first two are due to Lam and Pylyavskyy in 2007 and the third one is due to
Monical in 2016.

This is going to be the end of quasisymmetric polynomials, and we are going
to move on to asymmetric.

Now lets talk about ASym = Z[x, ...,x,]. The most trivial basis of ASym is of
course just given by all the oridinary monomials 2% = X, with a range over all weak
composition. Thus dim ASym ™ (n variables and m degree homogenous) is equal
the number of weak compositions of m with length n.

But it more traditional to label some of our bases by permutations. Here is
how we going to translate between weak compositions and permutations.

For m € Sy, let a; = #{j : j > i,m(j) < w(i)}, then we define
invcode(n) = (aq, ..., a,), which is called the Lehmer code.

We note a; <n -1 and a, = 0. If we sum over the Lehmer code, we get the
number of inversions, i.e. Y a; = inv(7), which is also called the coxeter length.

15



If m =2413, then a; = 1,a3 = 2,a3 = 0,a4 = 0. There is a visual
way to compute the Lehmer code as follows:

To get this, we first draw n by n grid, then at 1th row we place a laser gun at
the 7(1)th column, and so on. Then laser gun destory all the things at the right
and down. Then we count whats left. The above white boxes diagram (not the
entire grid!) is called a Rothe diagram of m and is denoted by D(7).

‘We note:

1. D(m71') is equal the transpose of D(7) as the lasers are symmetric.
2. D(w) has northwest property, that is, if we have

Cl|...|B

A

and A, B € D(r) then C € D(m).

The rank function r(i,j) of a cell (i,7) € [n] x [n] is equal
the number of "lasers"/"dots" weakly northwest of (i,5). We note r(i,7) =
#{k<i:m(k)<j}.

If 7 = 2413 then the rank functions are given by

el el =l =
NN — | —
WIN| = =
=W =

16



The essential set of D(r) is the maximally south-
east boxes of each connected component of D(r), i.e. Ess(w) ={(i,5) € D(x) :

(i+1,7) ¢ D(m),(i,7+1) ¢ D(m)}.

m e S, 1s determined by its Lehmer code, its Rothe diagram,
or the restriction of its rank function to Ess().

Proof. From invcode(n) = (a1, as,...,a,), we recursively reconstruct 7. We see we
must have 7(1) = a; + 1. Suppose we have determined 7(1),...,m(k), then m(k + 1)
is the (ag+1 + 1)th smallest element of [n]\{w(1),...,7(k)}. Similarly if we know its
Rothe diagram, then we get its Lehmer code and we are done.

Now suppose we only know Ess(7) and the rank function on it.

If there is no b € Ess(7w) with r(b) = 0, then w(1) = 1. Otherwise, let (i,j) €
Ess(7) be the rightmost with r(4,5) = 0. Then (1) = j + 1. Now suppose we
7(1),...,m(k) are known. Look at boxes (i,j) € Ess(w) with ¢ > k + 1 such that
r(i,7) =r(k,j) where r(k, j) is determined by (1), ..., 7 (k) which we already know.
Then 7(k+ 1) must be the smallest unused value strictly right of these boxes. @

Last time we showed we only need some partial data to construct the permu-
tation back. Today we start with some examples.

First, we show that with only the essential set and not the rank
function, it is not enough. The following two diagrams

1= 24, L7340

7 s

both have the same essential set, but we could not tell they are different if we
do not have the rank function.

Second, we consider a large enough example to illustrate the
construction using essential set:

17



i
=

One should try to work this out and see we indeed only have one way to do this.

Now recall S, is generated by s, ..., s,_1 where s; swap ¢ and ¢+ 1 with relations:

1. s% =1
2. si8j=s;8; for |i—j| =2
3. 8i8i+15i = 8i+15iSi+1

In this course, we set conventions that, if we have a sequence of integers, then
act from the right we swap the position, and act from the left we swap the values.
For example, we have

3741652 - s4 = 3746152  s4-3741652 = 3751642

Suppose [ write w € S, as a product of s;, how many factors do I need? Well,
the minimal value we need is inv(w).

If w=s;84,...5;, with k =inv(w), then we call this a reduced
expression and iyis...i; is a reduced word. We write R(w) equal the set of
all reduced words.

Next, we define some partial orders on S,,:

Right weak order: we say p <g us; if inv(us;) = inv(u) + 1

Left weak order: we say p <g s;u if inv(s;u) =inv(u) + 1.

2-sided weak order: union of left and right weak order.

Strong/Bruhat order: Let t; ; € S,, be swap ¢ and j, then u < ut; ; if inv(ut; ;) =
inv(u) + 1.

= 82 =

18



The following is the right and left weak orders, where L and
R indicates we apply the action to left or right.

321

s1,L so,R

231 312
so,L

We also want to build a graph on the reduced words of w with edges corre-
sponding to commutation (i.e. s;s; = s;s;) and braids (i.e. $;5;415; = Si+15:Si+1)-

Say we have w = 31542 € S5, then one reduced word is 42341.
The complete list is given by

[2,3,4,3,1],[4,2,3,4,1],[2,4,3,4,1],[2,3,4,1,3],[2,3,1,4,3]

[2,1,3,4,3],[4,2,3,1,4] ,[2,4,3,1,4] ,[4,2,1,3,4],[2,4,1,3,4] ,[2,1,4,3,4]

Now start with this word 42341, we use try to draw the graph as (one edge
means commutation and double edge means braid):

23431
AN
42341 ——— 24341 23413
421)14 241)14 23Ll3
42134 _ 24134 21:‘343
~ -
21434

We see this is actually all the reduced words. We define this graph as G(w).

It is a open problem that to give a short elementary proof to
the fact G(w) is bipartite.

For all w e S, the graph G(w) is connected.

Proof. We will prove this after some lemmas. Q

19



Suppose i1,is,...,1p € R(w). Then the inversion of w are

I(w) = {si,.--Sip,, (Gpyip + 1) : 1< h < 0}

Proof. First we consider an example. Say w = 31542, and we have 2343 € R(w).
Then say h = 1, and we have s1535453(2,3) = (1,5), which is indeed an inversion
if we look at the 1th entry in w and the 5th entry in w. Next, say h = 2, then
we get $15354(3,4) = (4,5), which is indeed an inversion. If h = 3 then we have
s153(4,5) = (3,5) and h =4 we have s1(3,4) = (3,4). Last, we see h =5 then (1,2)
is indeed an inversion.

Next, we can do this all over again with another reduced word 42134 € R(w).
This time, we get
h=1= s4825153(4,5) = (3,5)

h=2= 548051(2,3) = (1,5)
h=3= s5452(1,2) = (1,2)
h=4= s,(3,4) = (3,5)
h=5=(4,5)

Now we consider the actual proof. We use induction on the coxeter length.
Clearly this holds for the identity (with coxeter length 0). Suppose inv(us,,) =
inv(u) + 1, then I(usy,) ={(m,m+1)}us,,1I,, which the induction follows. v

Suppose 11...ig, j1...je € R(w). Then there
exists k such that jiiq...1x...7¢ 18 a reduced word.

Proof. By the above lemma for w=! with ji...j,, we see (ji,71 + 1) is an inversion

for w1, and there is some k such that (ji,71 +1) = s;,...8i,_, (ik, i + 1) if we use the
above lemma for w=! with ¢y...9p. So $;11...8;,_, = S4;...5i,_, and hence by the above
equality about (ji,j1 +1) = $4y...54,_, (ik, i + 1), we see we must have

85184y Sty = Siy--Sip_1 5k
At this point we are done, if we just append s;, ,...s;, at the end. Q

e

For all w € S, the graph G(w) of reduced words is connected.

Proof. By induction on coxeter length of w. If the coxeter length is 0 or 1 we
are done. Let 71...79,j1...7¢ be two reduced words. By Exchange Lemma, we see
J1t1...1...%¢ is & reduced word.

Case 1: Say k # ¢, then by induction, if we forget i, in both the words 4;...7,
and jlil...i}g...ig, we get a path. However, this can also be lifted to a path from 4;...7,
t0 j141...15...50. Next, by forget j; in both 7;...5, and ji4;...ix...i¢, we get a path from
the two and hence a path from 4;...7, and j;...j,.
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Case 2: Say k =/¢. Then we see j1i1...05...00 = J191...7¢_1.

Case 2.1: If |i; — j1| > 1. Then we see i1j1is...7¢-1 is also a reduced word, but
now we can forget 7; and get a path from 4,7;...7y_1 and ¢;...¢y. On the other hand,
we get a path from jq¢;...40_1 and 7;...j, by induction.

Case 2.2: If |i; — j1| = 1. Then we see, if we apply Exchange lemma again on
J1t1...1-1 With 21...7y, we would get Z.ljlilig...i;z...ig_l, which is a reduced word with
a path to i1...5.. But then i1714149...ip...i,-; has a path to (using braid relation)
J1%1J1---t¢-1, which using induction has a path to j;...j,. Hence together we get a
path between ¢;...7p and j;...7,. Q

With this get out of the way, we can now finally define what is Schubert poly-
nomials.

The ith divided difference operator 0; on Z[x1,...,x,] is
f-si-f

Ty — Ti+1

ai(f) =

We observe:

0;(f) is symmetric in x; and ;1.

If fis symmetric in x; and x;,; then 9;(f) = 0.

Thus, we see 92(f) = 0.

If f is homogenous of degree d, then 9;(f) = 0 or 9;(f) is homogenous of degree
d-1.

5. If |i — j| > 2 then

= §9 9 =

Sl ) J—sif —s;f t+s5sif

Tiv1 - (% - %‘—1)(%‘ - $j+1)

0;0:(f) :aj(xf: = 0:0;(f)
as §;5; = §;S5;.
6. If i — j| = 1, then
90i410i(f) = 0i+10:011 (f)

For w € S, with reduced word r = .. (w) € R(w), we
define
Ow = Op, Oy, ...0.

Tinv(w)
O s well-defined.

Proof. The G(w) is connected, hence we are done as they commute when far apart,
and braid when they are close. Thus, we can take any reduced words and still get
the same 0,,,. Q
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For wy =n(n—-1)(n-2)...21, the Schubert polynomial for
wo 1S

_ n—l 7172 0 —
GCu, =21 257 .2, = xinvcode(wo)

If we have permutation w and suppose we know &,, with w(i) > w(i +1),
then the Schubert polynomsial for ws; is given by

Gwsi = 87,(610)
In other word, for any permutation w, we have

6w = 8w—1w0 6wo

Say we have the right weak order on S3

/321X

231 312
5 !
213 132

\123%

If we follow the edge, we see G391 = 2229, Hit it with 0y, we get G31p = 2.
Hit G312 with 07 we obtain &35 = 1 + 9. Finally, G153 = 1. The other side is
similar.

The nilHecke algebra N, has generators hq,..., h,_; with
relations hlhj = hjhl for |Z —j| > 2, hlhz+1hl = hi+1hihi+1 and h? =0.

We observe that:

1. The operators 0; gives a representation of N,, on Z[z1, ..., Z,].
2. So do {0;} defined by

(f) = 0: (1 + Bzi1) f)

In particular, note 9,, is also well-defined.

3. We can define Grothendieck polynomials by &, = Ow-11,Guwy- In particular,
B = G

4. G, =6,(8=0).

5. We can also define m; by m;(f) = 0(z; f) is called isobaric divided difference
operators. This no longer give a representation of N,,, but the 0-Hecke algebra
Hy on Z[zy, ..., x,].

6. So do 7; by

mi(f) = mi((1+ Bzis) f)
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7. Set
Cuo (X1, ey T3 Y1y ooy Yn) = H (x-i-y;)
i+j<n
We note we can recover &, (x) by setting all y in F, (1, ..., Tn, Y1, -, Yn)
equal 0. If w(i) > w(i+ 1) then we inductively define

Gwsi ($7 3/) = 81611)(1', y)

where our 0; consider y as constant. These are double Schubert polynomi-
als.

The next topic is Schubert varieties.

A (complete) flag is a chain/nested collection of vector sub-
spaces

Ve:0=VogViglag..¢V,=C"
We use F/,, to denote the set of complete flags in C".

Clearly for each basis vy, ...,v, we get a flag Vi = (v1,...,v,). Thus if we take
the standard basis, we get the standard flag (es, ..., e,). On the other hand, we can
also read it backward, i.e. the flag (e,,€,-1,...,€1).

Now we have the space of flags, we want to put some geometry on it. There
are few ways to do this.

First, we note GL,(C) has an action on F/,. We see it only have one or-
bit. Moreover, if we have V, and V/, then Stab(V}/) is isomorphic to Stab(V,) by
conjugation.

If B <GL,(C) is Stab(V,) for some V, € F/,, then B is called
a Borel subgroup.

We note that there is a one to one correspondence between £/, and the set of
Borel subgroups.

Now, what is the stablizer of the standard flag E7? Well, we want V{ to be fixed,
hence the first column of the matrix to be (*,0,...,0)7. In particular, it is not hard

to see , Stab(E) is the collection of upper triangular invertible matrices. Hence, we
get a bijection between F¢, and GL,(C)/B.

Last time, we saw F/,, is in one-to-one correspondence between GL,, /B, where
GL, /B is a quotient of topological spaces, hence we get geometry out of F(,,.

This gives F/¢,, the structure of a smooth projective complex algebraic variety of
dimension (5) =n? - (";'). This is exactly the number of inversions of n(n—1)(n -

2)..21.
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Here is another way to think about this variety.

How to specify a flag? Give an ordered basis is the same as give an n xn
invertible matrix, where the basis is just the rows in order from top to bottom.

Clearly this is not unique, so which matrices give the same flag? Well, things
that differ by downward row operations, i.e. left action of lower triangular matrices
give the same flag. Thus, F¢,, = B_\ GL,, where we act the set of lower triangular
matrices on the left of GL,,.

A Borel subgroup of GL, is a maximal connected solvable
subgroup.

Let T c GL,, be the maximal algebraic torus of diagonal ma-
trices.

We have an action of T" on F/, given by scaling the columns. What are the
fixed points? Well, the identity, and actually all permutation matrices, will be fixed
by T, and we denote this set by {B_y }uwes, = {€w fwes, -

Also we can have B, (invertible upper triangular Borel) act on F/,,. Each orbit
of this action contains exactly one e,,.

By the Bruhat decomposition, we have

GL,, = U B_wB,
weSn
Viz, GL,, is a disjoint union of B_wB,, which is a lower triangular times a permu-
tation matrix times a upper triangular.

Thus, if we mod out on the left by B_, we get the following.
We define a Schubert cell to be

Q2 =B \B.wB, =e,B,

Take w = Id = 12345. Then we see e, B, contains matrices with
lower triangular part equal 0, 1 on the diagonal, and anything on the upper

triangular part. In particular, this means Qf, = C'? as we have dimension equal
(g) We note inv(w) = 0 in this case.

Take w = 54321. Then e, looks like

— o O O O
o= O OO
S O = OO
S O O = O
S O O O =

But then we don’t realy have anything, hence it is just C° Note inv(w) = 10
here, hence we sort of have a duality here.
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Now take w = 45132, with inv(w) = 7. Then

00010
00001
Q=100 0 0
00100
01000

But note since we are moding out B_, this is basically saying we can mod out
anything on the left and down of the 1th in the above, i.e. it is some sort of
reflected Rothe diagram. In particular, we have 2 = C? as we only have three
boxes left.

From the three examples, we see we actually have codim(§22,) = inv(w).

We have
codim(€2;,) = inv(w)

QZ} ~ (C(g)—inv(w)

We define a Schubert variety as
Q= Q5
where the closure is taken in the Zariski topology (or classical topology).
We have
Q=12

w<v

where w < v is the strong Bruhat order.
Fl,, is a complex cell complez.

Say we have w = 45132. Then we have

where on the left we have Q2 and on the right, we think of the star at the (1,5)
position goes to infinity, hence the 1 on the left and down are so small we can
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just think of it as 0. Then we get a 1 at (1,5) and since we get two more 0, we
can move the 1 at (1,4) to (2,4).

Every topological space X has a cohomology ring H*(X) = @, H(X). In a
sense, this measure the number of holes.

If X has a complex cell structure with n; cells in (complex)
codimension 1, then

H¥(X) = 2"

with a basis indexed by the cells and

H*#(X) 20

The H* classes of Schubert varieties are called Schubert
classes o, and are a basis for H*(F(,).

There is a dense open subset of g € GL,, such that o, -0, is
equal the H* class of £, 0 g€, .
In particular, if Qv is Q, with respect to the opposite flag, then o, - o, is
equal the class of 2, N QY.

For v € S,,, we call XV the opposite Schubert variety and
Q, N is the Richardson variety.

H*(Fl,) 2 Z[xq, ...,z ]/{€1, - €n)

as graded Z-algebra where e; are the elementary symmetric functions.

This is Z[x1, ..., ¥, ] mod out by the set of symmetric functions without constant
terms.

We define Z[zy, ...,z,]/{e1, ..., e,) as the coinvariant ring.

In particular, for €, of codimension k, it should correspond to a coset of ho-
mogenous degree k polynomial.

Under the Borel isomorphism H*(F(,) 2 Z[x1, ..., x,]/{e1, ..., en),
the Schubert classes correspond to Schubert polynomials. In particular,

Oy Oy = Z qufvo-ll)@Gu'sz Z ng)@w

weSy weSy,
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Schubert polynomials has positive structure coefficients. But
we do not have a combinatorial rule for the coefficients c¥,.

Give a positive combinatorial formula for c¥,.

Recall F/,, has a action of T" on the right given by scaling the columns.

For group G acting on space X, we get not only the cohomology ring, but a G-
equivariant cohomology ring H}(X). So, what is this? Well, the formal definition
is quite involved... But broadly speaking, this not only encode the cohomology
information, but also the representation information about G.

In particular, H%(F¢,) is pretty nice, as we have H7(F¢,) is a free Hx(pt)-
module, where H7.(pt) is just Z[y1, ..., Yn].
Double Schubert polynomial represent T-equivariant cohomol-
ogy classes of Schubert varieties. Viz, we have o,00, = ¥, c% (y)oy iff Su(z,y)-
Su(z,y) =X, % ((Y)Sy,(z,y), where now the coefficients are polynomial in y.

We also have a K-theory ring K (F/,), where elements are equivalence classes
of algebraic vector bundles on F¢,. For each Q,, we get a class [0, ] in K(F¢,)
for its structure sheaf 0, which is a linear combination of vector bundles.

There are still a basis, and the structure coefficient in this case is controled by
Grothendieck polynomials.

Grothendieck polynomials represent K-classes. Viz, [Ogq,] -

[6a,] = 20 K& [6a,] iff 6u(B=-1)-6,(8=-1) = T, K&56,(8 =-1).

Now we get back to combinatorics about Schubert polynomials. The next
formula gives a way to compute Schubert polynomials.

Let «, 8 be strong compositions, then we say S is a-compatible
if:

1. l(a) =4(B)

2. B is weakly increasing (5; < Bis1)

3. B is bounded above by «a (5; < «;)

4. B strictly increasing whenever « does (if «; < ay41 then 5; < fi41)

In this case, we write § % «.

{6u} > {Xa}

In particular, we have

&= Y ¥ [les

aeR(w) BPa i=1

where 8 a means 3 1s a-compatible.
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Say w = 321, &, = 22xy = X310. Then we have R(w) =
{121,212},

Thus, say « =212, then there is only one compatible [, which is g = 112.

Next, say o = 121. Then = @. Hence

Gy = H Zg; = T1T1T2
Be{112}

For vector space U ¢ V with bases B, B,, if B, ¢ B,, then
we say B, lifts B, to V, or B, is a lift of B,,.

{&,} lift {s,} from Sym to ASym. To realize s, as a Schubert
polynomial, add 0’s to the end of X\ to make it length n, then reverse to get
Lehmer code of a permutation wy. Then Sy, = sx(x1, ..., Ty).

Let s9; € Symg. Then A = 210 and reverse it we get 012, which
is going to be the Lehmer code of a permutation. This permutation w, here is
13524

Permutations of the form w, are called Grassmannian per-
mutations.

The Grassmannian Grass(Cn") is the parameter space for
k-dimensional vector subspaces of C".

It turns out H*(Grassi(C")) = Sym,, with a Schubert basis of Schur polynomi-
als. The relation between F¢,, and Grass;(C") is that, we have a forgetful map

Fl,, — Grass,(C")
and hence it induces a (injective) map between cohomologies
H*(F¢,) < H*(Grass(C"))
Those map exactly takes oy to o, and sy to &,,.

Next, we note BJS (Billey-Jockusch-Stanley) makes us want to define for com-
position «, a polynomial
3(Oé) = Z Hxﬁi
BPa i=1

This might look like a silly thing to do, but it is actually going to be useful (as it is
going to be a basis), except that this is the wrong indexing.

Well, some of the §F(«) are bad, for example, we already computed §F(121),
which sums over the empty set and hence F(121) = 0.
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For composition «, if F(a) # 0, then F(«) is called a funda-
mental slide polynomial (due to Assaf-Searles, 2017).

Besides the problem of many of §(«) are zero, we also have the problem that
many §(«) are equal. For example, §(212) = X519 = §(312). All those suggest we
have wrong index of §.

Now, observe if o has a sequence of compatible compositions, it has one that is
termwise maximal element, which we will denote by /3 (a) (so basically we start at
the right-most location, and only decrease one if we have to, this gives the maximal
element).

If B(a) = B(y) then F(a) =F(7).
Proof. From B () we can determine all other compatible compositions. V)
We define a(a) by a(a;) equal the number of i in 3(a).

We see a(212) = 210 = a(312), as 5(212) = § = 112.

This will be the way we index things, and hence we get the following definition.

We define F,(,) = F'(«) for any weak composition a(c).

This is a little bit weird, as we don’t know yet every weak composition is of the
form a(a).

Every weak composition a is of the form a(«) for some a.

Proof. From a, set a =1...12...23...34... where we have a; many 1, a; many 2, and
so on. Then f(a) = o and so a(«) = a as desired. 0

If a #b, then §, #+ Tp-

Proof. Say a = a(a) and b =b(f3) as constructed in above lemma. Then a # 8 but by
the way the above construction works, 5(«) = « and S(8) = 3, i.e. we have distinct
termwise maxima so §, # §g as desired. Q

We have §o102 = §(244). Then the compatible sequence is
given by 3 = (244,234,233, 144, 134, 133,124, 123,122) and hence

5(244) = xowymy + T2XT3T4 + T2XT3T3 + T1T4T4 + ...
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Let b be weak composition, then b is a slide of weak compo-
sition a if b is obtained from a by a sequence of the following local moves:

1. Op = p0 where p is positive number, i.e. we can slide positive numbers to
the left.

2. Op = gr for g+ r =p and g,r >0, i.e. we can chop positive numbers into
pieces.

Sa = Z P

b slide of a

Take reverse lexicographic order on monomials (i.e. x® < zb if
b—a has rightmost non-zero entry to be positive). Then the leading term of §,
18 x°.

{S.} is a basis of ASym.

Proof. Suppose ¢;§q, + ...+ C,S8q, = 0. One q; is biggest in our total order, its leading
term appears nowhere else. Thus ¢; must be zero. Now induction follows to conclude

c1 = ... = ¢ = 0. This concludes linearly independent, and it is clearly span as the
number of weak compositions is the right dimension of ASym, hence it must span
as well. Q

Say a dominates b and write a > b if for all k£ we have

k k
it @i > Yy b;.

We note this is just the same as partitions, and in particular this is also not a
total order, e.g. 2220 and 3111 are not comparable.

Sa = Z b

bt ea™
b>a

This look similar. Now, we ask, when is §, € QSym? If we look back to the
example from last lecture, we see we want those weak compositions that shoved all

the zeros to the left.
Say weak composition a is quasistrong if its non-zero terms

appear consecutively.

If a is not quasistrong, then §, ¢ QSym,,.

Proof. Choose i < j < k with a; >0,a; =0,a; > 0. Then define new weak composition
b by
0, h=1
bh=1an.1, 2<h<j
ap, h>j
Then z¢ € §, but z° ¢ F, (because we literally slide things in the wrong way), thus

it is not quasisymmetric, i.e. we found a explicit missing term in §, to make it not
quasisymmetric. Q

30



If a = 0k« is quasistrong, then §, € QSymy,y and §, =
Fa(l’l, ...,xg(a)).

Proof.
Sa = Z xb: Z $b:Fa(l‘17-~-awZ(a))
btEa® bt Ea
b>a b>a

Sa lifts F, basis from QSym to ASym.

{Fa} has positive structure coefficients, with an explicit posi-
tive combinatorial rule that extending the formula for F,.

Proof. Will follow from more general K-theory analogue.

A weak komposition is a weak composition where the non-
zero terms are coloured either red or black.

Weak komposition b is a glide of a weak composition a if it
can be obtained by a sequence of following locally:

1. Op=p0if p>0
2. Op=>qrif ¢g+r=pand p,q,r > 0.
3. Op=>stifs,t>0and s+t=p+1.

where the black letters are actually black in the definition of komposition (i.e.
we cannot use 1,2 to red Op).

Say a = 0200201 is a weak komposition. Then glides includes
1202011

2121110

The fundamental glide polynomial F, is

g — Z 6#red$b
b glide of a

where here xb = m?l...xf{l regardless of the colour.

Say a = 0201, then we can get the following glides
0210,2001,1101,0211,2101, 1201

2010,1110,2011,1111,2111,2110, 1211
2100,2110, 2101, 2111
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Then the fundamental glide polynomial is given by

ga — 1.0210 + 1,0210 + $2001 + 9:,1101 + xlllO + 1,2010 + 1.2100
+5(l‘0211 + 2:):2101 +.T1201 +I1111 +I2011 + 21,2110 +(L’1210)

+B2(x1211 + 21,2111)

A general way to know if we are doing it right is that if we set x =1 and g = -1,
then we should end up with 1. This is related to the Euler’s characteristic of some
simplicial complex.

We also observe that F,(3 = 0) = &,
iti We define multi-fundamental quasisymmetric polyno-
mial F,(xy,...,2,) = §on-t)o. This definition is due to Lam-Pylyavskyy in
2007.

{E} has positive structure coefficients. Moreover, there is an
explicit positive combinatorial rule, such that specialized to {§a}, {Fa}, {Fa}-

The proof is actually not so bad, once we write down explicitly what the rule
is. And we already know a combinatorial rule for F,, thus, it is natural to consider
shuffles of weak compositions.

Recall if A, B are words on disjoint alphabets A, B, the shuffle product A B
is all permutations of AB with the subwords on A is A and the subwords on B is B.
For alphabet A, let A" = {i/ :ie A,jeZ,}. For A a word
in A, we define A9 by replacing jth instance of i with i/ from left to right.

If A=1311212, then A9e" = 11311213211422.

The genomic shuffle product Amyg., B is all words in
(Al B)9e™ such that:

1. If 47 left of ¢*, then j < k.

2. No consecutive 7.

3. Every genotype is in A B, where genotype means we delete all but one
of each symbol, forget the superscript.

The genomic shuffle 331m1,.,62 is an infinite set. Indeed,
consider 313261112111211121 i.e. we can put infinitely many 12! at the end and
they are all valid shuffles. However, we note this contains finitely many words
of each length.

For length 5 element, we have 10 words, and it is basically 331 1 62.

For length 6 element, we have 35 words. For example we have 613121313211,
then genotypes for this includes 63231,62331, 36231. We also have 316121321121,
and a genotype is 36312.
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What is

xf(w)

weAMgen B

Let S = (wy, ...,w,) be a sequence of words in A and B c A.
Then Compg(S) = (ay,...,a,) with a; equal number of B-words/letters in w;.
We also let Comp(.S) = Comp 4(5).

Put lexicographic order on ZJ™" with / <kl if i <k or i =k
and j < I. For C' a word in ZI", let Runs(C) be the sequence of maximal
increasing runs.

For example, if C' = 31326111211121112! then Runs(C') = 31326![1121[1121]112!

Let us spit out how to multiply fundamental glide polynomials. Consider two
set of letters A, B with AnB =@. Then Am B is the set of all permutations with
subword from A being A and subword from B being B.

Then, we upgraded this to A%", the genomic version. Then for A in A, we
have A9 by ith instance of j becomes j.

Using this, we defined genomic shuffle product last time and worked out some
examples.

A genetype of Runs(C') means delete all but one of each
symbol and forget the superscript.

Let C' = 6'316'32112!) then Runs(C) = (6',3'62,32, 11,21),
Comp(Runs(C)) = (1,2,1,2). A genetype of Runs(C') would be G; = (6,3,3,1,2)
and G5 = (@, 36, 3,12). Then Comp,,,,(G>) = (0,1,0,1).

Let a,b be weak compositions of length n. Define
A=(2n-1)"..(3)* (1)

B = (2n)"...(4)"1(2)"

The genomic shuffle set GSS(a,b) to be all C' € Ay, B such that for all
genetype of Runs(C'), Comp,;;(G) > a and Comp,,,.,, (G) > b.

We note by require Comp,;,;,(G) and Comp,,.,,(G) dominate some composition,
we make sure those infinite terms vanishes.
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Suppose a = 021,b = 101. Then A = 331 and B = 62 and
GSS(a,b) is equal the following

GSS(a,b)s = {6'2'313%1" 6'3'32112! 3'6'2'3%1" 3'6'321'2!, 313%6'2! 1!, 313%6' 112!}
GSS(a,b)s = {6'21313%112! 3'6'21313%11, ...}

where the subscript means the length of the shuffle words. We have in total 10
shuffles for length 5, but only 6 satisfy the dominate condition. There are in
total 35 shuffles of length 6, but only 8 dominates. For length 7, we have in
total 81 shuffles, but only 3 works

GSS;(a,b) = {3'6'2'313%112!, 31326'2' 321121 313%6! 11211121}

Let a,b be two weak compositions of length n. For C' €
GSS(a,b), let Bump Runs(C') be the dominance minimal way to insert empty
runs to Runs(C') maintaining the dominance condition.

The glide product amig, bis the multiset {{ Comp(Bump Runs(C')) :
C' e GSS(a,b)}}.

.5 = Z 5|C|fla\*\b\ggbﬁ

c

where g¢, 1s the multiplicity of ¢ in anige, b.

Proof. WLOG set 8 = 1. Given C' € GSS(a,b), form C by inserting red | to separate
as in Bump Runs. For example, we would have 3'326'1'2! becomes 3'326'([1'2'. Let
shift C' be the words obtainable from C' by:

1. duplicating any /.

2. moving | to the right.

such that if 7 followed by k! then 7 < k.
For example, if C' = 31326!||1!2!, then

313261(|112!
313261|11|21
shift C' = { 313261|1121|
313261|11|1121
313261(1121|2!

Let GSS(a,b) = Ugeass(ap) shift(C).

Let M(a,b) = {(a’,0’)} be the set of tuples of weak compositions such that
a' is a glide of a and 0" is a glide of b. These correspond to the monomials in

Sa(B=1)-T(6=1).
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We claim M(a,b) is in bijection with GSS(a,b).

For D € GSS(a,b), let Seq(D) be the sequence of words between bars. We get
(a',0") € M(a,b) by

(a’,0) = (Comp,yq(Seq(D)), Comp,,,, (Seq(D)))

where a! is red if the ith part of Seq(D) contains a odd9" letter from earlier in the
sequence.

For example, take D := 313261([112! € shift(C), then Seq(D) = (31326!, @, 1121)
and hence (a’,0") = ((2,0,1),(1,0,1)) and we have no red because we have no
repeat. Now take D = 31326!|1}[112!, then Seq(D) = (3'326!,1%,112!). This gives
((2,1,1),(1,0,1)) and the second one should be red, i.e.

(a',0") =((2,1,1),(1,0,1))

Now consider (a’,b") € M(a,b), we recover D € GSS(a,b) by:

1. The first run of D is the first a] letters of A% and the first b] letters of BI",
sorted to be increasing.

2. The second run of D is the next a, letters of A9¢" and b/, letters of B9", sorted
to be increasing, EXCEPT, if @/, or b) is red, then repeat the last letter of the
appropriate alphabet from the previous part.

3. The rest are similar to the second run.

Let us look at an example. Note in the running example, we have A9 = 313211,
Bgen = 6121, Then (210,111) € M(a,b). This would maps to

313%61[11212!

These maps are inverse of each other if you think about it...

So, GSS(a,b) bijects with monomials of Fa(8 = 1) - Fp(6 = 1). But for C' €
GSS(a,b), the monomials for shift(C') make up §comp(Bumpruns(c)) (8 =1).

For example, if C' = 31326!|[112!, then we get monomials 2302 + 311 42320 4 £:312 4
232! which equals F302(8 =1).

Thus, GSS(a,b) are partitioned by C € GSS(a,b) with each block giving the
appropriate glide polynomial. Q

The reason why we cannot do this to Schubert polynomial is that, we don’t
have a good partitioning like GSS above for Schubert polynomial, i.e. we don’t
know how to collect monomials into Schubert polynomials.

What is the geometric interpretation of glide
polynomials?
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Now we dealt with positive formula for glide, we talk about a (non-positive)
formula for Schubert polynomial. This lead to pipe dreams.

A (reduced) pipe dream is a tiling of the plane using two
blocks B-block and P-block (called “cross” and “jr/bump”) with finitely many
cross blocks and no 2 pipes cross more than once.

Here is a (partial) example that’s not reduced:

e
&
%L

Let us see another partial example (we say partial because those pipe dream
suppsed to be infinite).

Consider
2 3 4

1
J 1)
JCJ
/_J
J
where we ignored some of the bump blocks. We note we can associate the above

reduced pipe dream to a permutation, by put 1,2, 3,4 above, and see where the
pipe lead us to at the end.

N W s =

We let PDy(w) be the set of reduced pipe dreams for permu-
tation w.

Gw(l’) — Z xwt(P)

PePDy(w)

6w(‘ray): Z H (Ii_yj)
PePDo(w) (i,5) with

where wt means the number of B-blocks in each row.

Let w = 15324. Then we have the following reduced pipe dreams
(in the matrix, we use + to denote the cross and empty to mean bump):

+
+ + o+ + + +
+ +
+ +
+
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+
+ +

The reduced words for w is 4323,4232,2432. The compatible sequences are
given by
4323 :1112,1113,1123,1223,2223

4232 :1122
2432 : 1222

This is a good sign as we have seven pipe dreams and it matchs up.

Next, we see 1222 would correspond to

+
+ o+ +

because it has one cross in the first row, and the three cross in the second row.
Similarly, we see all of the weights matche up exactly.

This is because, when we view the pipe dreams, we also recorded the re-
duced word. The way to read reduced word from pipe dreams is that, we read
the crosses from top to bottom, right to left, and record the reversed diagonal
it is located at.

Let P be a reduced pipe dream. If all B-blocks in row i are strictly
east of all B-blocks in row i + 1. Then slide them diagonally southwest, the

resulting diagram is a pipe dream for the same permutation and same reduced
word.

Proof. Each B-block stay at the same diagonal and we read in the same order. ©

The destandardization of P € PDy(w) is the pipe dream
obtained by applying the lemma as much as possible.

A pipe dream is quasi- Yamanouchs if the leftmost ®B-block
in each row satisfies either:

1. it is in the first column, or
2. it is weakly west of some B-block in the row below.

We use QP Dy(w) to denote the set of quasi-Yamanouchi pipe dreams for

A pipe dream is destandardization iff it is quasi- Yamanouchi.
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Sy = Z Swt(P)

PeQPDo(w)

Proof. For P € QPDy(w), let dst='(P) be the set of pipe dreams that destandard-
ization to P. Enough to show

> "9 = F oy
Qedst-1(P)

If dst(Q) = P, then wt(Q) is a slide of wt(P). Conversely, if a is a slide of wt(P),
then there is a unique pipe dream () correspond to a that its destandardization is
P. To get this @), we see how to get a from wt(P), but then this is a sequence of
local action, which can be translated to the local move of P. Q

Next, we introduce two more rules for Schubert polynomials. The first one is
Kohnert’s formula, which is conjectured in 1990 by Kohnert. This is “proved” Winkel
in 1999, but it has a bunch of gaps (he traced through the divided difference operator
this time). Next, in 2002, Winkel proposed another proof uses some recurrence, but
there are also gaps and the details become hard. In 2017, Assaf proposed another
proof, but the detail also become devilish.

It also have a Grothendieck extension, which is conjectured by Ross and Yong
in 2015.

Let D be a collection of boxes in one quadrant. A Kohnert
move is to take the rightmost box in any row and move it stright up to the
next available open spot.

We let KD(D) be the set of all diagrams reachable from D by a sequence
of Kohnert moves.

Then we define wt(D) = (ay, ..., a,) where q; is the number of boxes in row

Suppose D = D(15324), i.e. we have D is the Rothe diagram of
15324, and it looks like

where the o’s denotes boxes. Then, we get the following configurations from the
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Kohnert moves:

Include D = D(15324), we indeed get 7 diagrams, and the weight match up.

Gw _ Z xwt(D)
DeKD(D(w))

A spectral Kohnert move takes the rightmost box in some
row and moves it stright up to the next available open spot, leaving a “ghost”
in the original position. Neither oridinary nor spectral Kohnert moves can pass
through a ghost, and a ghost cannot move.

We use KD(D) to denote all spectral diagrams reachable from D using
both Kohnert move and spectral Kohnert move.

Still take D = D(15324). Then some example of spectral Kohn-
ert moves are (we use letter g to denote a ghost)

. ° ° ° o o
o o o e o g o o e g
g O g O
° ° o o o o o o
o o o
e o g °
e g . g

° ° e o o
o o g g
g 9
@ - Z ﬁ# ofghostsxwt(D)
DeKD(D(w))
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The problem for those Kohnert moves is that, we do not have double version
of Kohnert diagrams. In particular, this means our geometry would be realy weird
in the sense that it would not be nice enough to give double version, but it is good
enough to spit out the single version.

Last time we had Kohnert’s formula for the Schubert polynomial, which is take
a permutation w, convert to Rothe diagram, then take all Kohnert moves. This is
not obvious at all, and today we are going to do something more obvious.

For a weak composition a, let D(a) be Young diagram, i.e. a; left-justified
boxes in row .
The Demazure character/key polynomsial is

D= Y oM
DeKD(D(a))

The Lascoux polynomial is given by

5@ — Z 5# of ghostsxwt(D)
DeKD(D(a))

Suppose a = A, then there are no Kohnert moves and it just
become z*.

In the homework, we are asked to describe Rothe diagrams for 2143-avoiding
permutation.

A permutation w is 2143-avoiding if and only if §» = Dinveode(w) -

Recall m;(f) = 0;(z;f) and 7;(f) = m((1 + Szi1)f). They both satisfy braid

relation.

Let as; be a with ¢th and (i + 1)st entries swaped. Let w(a) be the shortest
permutation with a - (w(a)) = sort(a), where for example sort(3412) = 4321.

D, = ﬂw(a)xsort(“) and D, = ﬁw(a)xsort(a).
In the silly case, if a = A = sort(a), then D, = D, = xsort(a),

Next we consider a real example. If a = 021, then we get
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Enumerate over all Kohnert moves, we get

This gives weights 021,120,210, 111, 201.

On the other hand, we see a = 021 and so w(a) = s159. This gives

sort(a) _

Tw(a)T 1 (mo(220)) = (2235 + £172) + (2223 + T17273 + T213)

after a lengthy computation. Clearly we end up with the same equation.

The {D,} and {D,} are bases of ASym,.

Proof. Well, we have the correct number of polynomials (they are labelled by weak
compositions). Next, with reverse lexicographic term order, the leading term of D,
is £, so they are linearly independent. Q

We remark that ©, is non-symmetric MacDonald polynomial at ¢ =t = oo (or
0). But the point is, we can get another formula for ©,.

To do this, take a, we write it backword, denoted by r(a), and take its Young
diagram D(r(a)), and augment by adding a column 0 at the left, called the base-
ment.

Now consider fillings, called semi-skyline filling, such that:

1. entries don’t repeat in a column.

. entries weakly decreasing left to right along rows.

3. every triple is inversion triple (for definition of inversion triple, see Definition
).

4. basement box b; is labelled by n + 1 —1.
Let © SST(a) be the set of key semi-skyline fillings for a.

[\)

Let a = 021, then we need to draw the Young diagram of 120:

Next, we need to add the basement, and we get (could not get the horizontal line
appear after the first dot...)
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Filling numbers in, we end up with the following
3 3 2
2 1 1

N =
[\

313 3 3 3
212 2 % 1 2 1 2 1
1 1 1 1

— N W

@a — Z l.wt(T)
Te® SST(a)

with wt(T') = (aq, ..., a,) with a; equal the number of i’s not counting basement.

We remark that {®,} does not have positive structure coefficients. Multiply
9, are correspond to tensor products of some modules, and hence we should not
expect the expansion is positive.

First, let’s ask, what’s {9, }|sym, i.e. restrict Demazure characters to symmetric
polynomials.

Recall from assignment we have the Grassmannian permutations, in particular
they are 2143-avoiding. Thus, we see for any Grassmannian permutation, we have
Garass = Sx = D, where Grass is any Grassmannian permutation.

We have the following lift relations
G D,
SX

Before we think about the lift relation, let’s ask what’s the right ®, for s,.

Suppose we have sy(z1,...,2,). Then we need a = A\0F so that its of length n.
Then &,(q) = sx(21, ..., z,) where we recall r(a) is write a in reverse order. But then
we know &, 4) = Dy (a)-

Let A= (4,2,1), then sy(x1,...,x5) =7 (it is really long!). THen
we have Gn124(7) = S123603578 () = Dooi24-
In fact, if a is weakly increasing, then D, = s,()(Z1, ..., Ty(a))-

This tells us when is ®, a symmetric polynomial. All the above still holds after
you add a bar on top (i.e. all the above are true for K-theory version as well).

Next, we have the following refinment relations:

S, — D,
N
SX
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The refinment is due to Shimozono-Yu in 2021. Now get back to the world of Sym
and QSym, we have

S, — D, Sa
N ]
SA

> Sy s F, > M,

The natural question to ask is, do we have the following dash arrows and polynomi-
als:

The good thing is, we indeed have all the arrows and polynomials:
> Da ) 3’(1 > ma

ENENE

> Sa > I, > M,

where £, are the quasikey polynomials and 91, are the monomial slide polynomials.

The K-theory arrows are almost true, except we miss the Shimozono-Yu ar-
row. In particular, 9, are called quasi-Lascoux polynomials and 90, are called the
monomial glide polynomials.

We also have the following refinment, where 2, are the Demazure atoms:

The funny thing here is that, the change of basis matrix for Q, to 2, is exactly the
same matrix for , to X,. Denote this change of basis matrix by u, we might expect
if we hit u with §,, we might get something. This is indeed the case, and they are
called the pions. Thus, we get the following, where the letters on the arrow would
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denote change of basis matrix:

2,
e
D, — Q,
N

Sa X,

e

The amazing thing is that we have arrows from 2, to 3, and B, to X,, as even
we have the matrices expansion, we should not expect the entries to be positive
(remember we have arrows iff there is a refinment relation), but they do, in both
cases.

N
N

Recall last class we had the following picture

/Ql/ip > X,
S, > D, > Qo > Sa >Sa/
N A A
Sx > So > F, > M,

We seen
Qla — Z xwt(T)
TeASST(a)
where we recall 2ASST is the set of semistandard composition tableaux of shape a
such that:

entries don’t repeat in columns

rows weakly decreasing

every triple is inversion

the first column entries match row indices.

= §9 9 =

The K-theory version of the Demazure atoms are called Lascoux atoms. In this
case, we have
ﬁa _ Z /BeX(T)ZCWt(T)
TeASST

and we need to figure out what the four conditions above are, for set-valued ASST(a).
They are given by

1. entries don’t repeat in columns, as sets

2. rows weakly decreasing setwise

3. every triple of anchors is inversion, where anchor is the biggest thing in its
box, and we call an number is free if its not an anchor
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4. first column anchor match row indices
5. every free entry is with the smallest anchor in its column subject to (2).

Lets look at an example, say j932. Then we can do

1

3,922
44.3.1

The 5th condition applies to the 2’s in the first column, which tells the 2 cannot
live with the 1 in the first row, because it will not be free anymore, and so on.

{A,} is a basis of ASym,,.

Proof. With respect to a reverse lexicographic order, the leading term fo 2, is x%. ©

Demazure atoms refines quasiSchur

Sa(Z1, .0y Ty) = Z A,

at=a

Proof. By definition. Q

There is an alternative definition of Demazure atoms. Recall 7; operator, and
we can define © = m; — 1. This has a K-theory version which is 7, =7 — 1.

Now recall w(a) is the shortest permutation with aw(a) = sort(a). Then we
can define

Qla . ﬁ_w(a)xsort(a)

and

Q’la = fw(a)xsorta

The first equivalence of definitions is well-known, but the second equivalence of

definitions is pretty new, due to Buciumas, Scrimshaw, Weber in 2020.

By looking at the operators, we get the following.

Demazure atoms refine Demazure characters, i.e.

.- Y 2
sort(b)=sort(a)
w(b)<w(a)

where the second inequality is strong Bruhat order. The K-theory version also
holds.
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S\ = ZQla

CLES)\

where Sy is the set of permutations on \. The K-theory version also holds.

We note the Demazure characters don’t have positive structure coefficients.
The Demazure atoms also don’t have positive structure coefficients.

However, we have the following conjecture.

D, Dy is a positive sum of ..

There is also the K-theory version conjecture, which is due to Monical-Pechenik-
Searles in 2021. This is the end of Demazure atoms, and we are moving to key
polynomials Q,.

We define the quasikey polynomial

as
Da = Z Z l‘Wt(T) = Z 911,
bt=a™ ASST(b) bt=at
b>a b>a

where b > a means b dominance a. We also define the K-theory version, called
quastLascoux polynomaial, as

.-Y Y 0=y,
bt=a*

b*=a* TR SST
b>a e b>a

The K-theory definition is due to Monical-Pechenik-Searles in 2021.

We have
Q103 = A3 + A130

Note we are missing the 2,3 piece, and if we add this, we get back to G,,.

We note 9, — 2, is built-in in the definition.
We have the following expansion

Da_)ga

given by
Qo =) Fur()
T

where the sum is over T € UASST(b) with b* = a*,b > a, with T being quasi-
Yamanouchi and T containing the support of a.

We consider Qi03. The tableaux are given by

1 1 1 1 1
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1 1

Next, we need to check T containing the support of a. This rule out two
more and we are left with

Hence we conclude

Q103 = F103 + S202

We see this is indeed the case.

We are going to finish quasikey and start pion and kion.

We have Q, € QSym,, if and only if a = 0k« In this case,
ona = Sa(fl, soog :L“n)

The last topic on quasikey is to expand key in terms of quasikey.

A left swap of a exchanges entries a; < a; with i < j. We
use Iswap(a) be the set of all b obtainable by a sequence of left swaps.

If a = 103, then using one left swap we get {130,301}, use
another left swap we get 310, and use the empty left swap we get 103. Hence

lswap(103) = {130,301, 310,103}
We see Iswap(a) is exactly the set of b with sort(a) = sort(b)

and w(b) <w(a).

belswap(a)
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Let Qlswap(a) be the set of b € Iswap(a) such that for all
c € lswap(a) with ¢* = b*, we have ¢ > b.

Recall Iswap(103) = {130,301, 310, 103}, then we see Q lswap(103) =
{301,103} by a simple observation.

.- Y 9

beQ lswap(a)

Proof. We see Dy = Ypelswap(a) Mo, but for b € Qlswap(a) we see Yceswap(a) Ae =

ct=b*

. Q
Continue the above example, we see this means

D103 = Q103 + Q301

If 9, = Xy M{(8)Ts, then
Xy My (1) €{0,1}.

Equivalently, we see the above is the same as ﬁa(ZE =1,8=-1) € {1,0}, as we
know §,(x =1,5=-1) =1, which is due to Smirnov-Tutubalina, 2021.

Let a = 0662, we see

Y ME(B) =36+948+755% + 163° = 1
b

Now we switch topic, first recall the definition of glide in Definition

A glide of a is mesonic if it is obtainable without applying
Op — p0 to initial non-zero positions.

To picture this, we know general glide smear things to the left, and mesonic
glide can only smear the numbers in a more rigid way:
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flide.

g}

Let a = 03002, then b = 31002 is not a mesonic glide. On the
other hand, b’ = 21102 is mesonic.

The kaon is defined by

ga o Z B#redxb

b mesonic glide of a

The pion is defined by
%azﬁa(ﬁzo): Z a’

b mesonic slide of a

Now recall the refinment relations

Q—— A

I

§— B
|
M — X

We already know the top arrow, which is given by 9, = Ybt=a* pra A,. This also gives
P formula.

Proof. Let g be glide of a. Suppose a has non-zero entries in positions n; < ... < ny.
By summing initial segments of g, we know which entries of g came from a.

Let ¢; be the rightmost position where ¢g has a contribution from position n; of
a. Then we can obtain g from a by using Op — p0 to move each n; entry to ;. Call
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this weak composition b. Then we have b* = a*, and b > a since we slide things to
the left. The point is, we can get g out of b, and we already done all the Op - p0
that would cross zero entries when doing a to b, we don’t have to do Op - p0 moves
at 7;. Hence every glide of a is going to be mesonic glide of a unique b, where b* = a*
and b > a.

Thus the proof follows. Q
{B,) is a basis of ASym, [f].

Proof. The matrix describing E_» ﬁb is triangular with 1 on the diagonal. So it is
invertible over Z and we know {§,} is a basis. v

Kaons don’t have positive structure coefficients.

‘Ea : §b 1s q_3-pOSitive.

The question is also open when set 3 = 0.

B, -5y is P-positive.
P, - sx s P-positive.

The next arrow we are going to talk about is 2l — ‘.

Let T e ASST(a), for i € T, let it be the next largest label in
T. Say T is meson-highest if for each i, the leftmost i is either:

1. an anchor in first column
2. there is an ' weakly to its right in a different box.

We see this is similar to the quasi-Yamanouchi condition, if we flattening down
the alphabet.

A= ) DB

meson—highest
TeASST (a)

We compute ASST(102), as any larger examples would blow-
up to a huge number of data. We have

1 1 1 1 1
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31821 | 3|21 (32|31

Now we look at the meson-highest tableaux, which are

1 1

This suggests L .
Ay = PBroz + BPo202

One can check this is indeed the case, by translate the mesonic glides to the
above two tableaux indeed gives all the elements in 2ASST(102).

Next time, we do § — 9, where we need to show it expand positively, which
are called monomial slide/glide polynomials. Also, those 9t have positive structure
coefficients.

We define the monomzal slide polynomial

M= > X,
bt=a*
b>a

We have

m0203 — 1'0203 + 172003 + ZE0230 + ZE2030 + IL‘2300

Recall we have three local moves on weak kompositions:

1. 0p — p0.
2. Op - qr with ¢+ r =p and r,q > 0.
3. Op » qs with g+s=p+1 and ¢,s > 0.

For S c1,2,3, write mg(a) for the set of weak kompositions obtainable from a
by rules in S, e.g if S = {1,2,3} then we can use rule 1 to 3, and if S = {1,2} then
we can only use rule 1 and 2 but not 3. Then

il Z fred b

bEILI123 (a)
Sa = Z f
bemriz(a)

On the other hand, we also know

M, = Z z°

beur (a)
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Thus, the natural guess of the definition of the K-theory version of 9 should be

the following: o
ma — Z B#redxb

bEH_I13 (a)

This is a conjectural definition".

From this perspective, we also have the silly
Xy = Z g
bemig (a)
and hence the K-ified polynomial should be
X, - Z fred b

b€u_13(a)

This is conjectural as wel.
{M.} N QSym = {M,}

{M,} is a basis of ASym.

Proof. With respect to a linear extension of dominance order, the matrix expanding
M, into X, is uni-triangular. Thus it is invertible over Z. V]

M, € QSym,, if and only if a = 0F«. In this case, M, = M,

Proof. Suppose a is not quasistrong. Then there exists ¢ < k with a;_1 > 0, a; = 0,
ap > 0. Then z? = 27 ...z 2. 2% is a term of M,. But x'..xf"7"...27* is not a

term and so 9, is not in QSym as desired.

Suppose a is quasistrong, i.e. a = 0*a, then the b with b* = a are exactly the b
with b* = a™ and b > a. Thus we see M, = M, as desired. Q

Thus, we concluded another arrow in the diagram, and we have two things left
to do. First, we want to look at the arrow §, - 91,, and we want to talk about the
positivity of structure coefficient of I,.

Before talk about the arrow, we need a new definition.
We say b a if:

1. b>a
2. if ¢>a and ¢t = b* then ¢ > b.
So = My, with
Sa = Z My
2

2In the sense that it should be correct, but our prof don’t have a proof yet
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Proof. By the definition. Q
Consider §Fo203. We see

S0203 = Mo203 + Mo212 + Mo221 + My103
+My112 + Mig21 + Mor1y

For weak compositions a,b, let S(a,b) be the set of all pairs
(a’,b") such that:

1. (a’)* =a* and (b')* =b*
2. a'>aand b >b
3. a’+b is a strong composition.

Let a,b be weak compositions. Fix (a’,b") € S(a,b), let ¢ be
a weak composition with ¢ =a’ + . Let ¢, be the weak composition with 0’s
in the same position as ¢, but the other entries are a] instead of (a’ +¥’);. So,
in particular, ¢} = (a’)* = a*. Define the same for ¢, i.e. ¢, have 0’s in the same
position as ¢ but other entries are b instead of (a’ + b');. In particular, note
Cq+Cp=cC.

Now, for every pair (a’,b") € S(a,b), let Bump(a’,b") be the dominance-
smallest (shove to the right as possible) weak composition such that:

1. Bump(a',b')* =a’ + ¥
2. Bump(a/,0"), > a
3. Bump(a/,0'), > b

The overlapping slide product of a and b is the formal
sum a1, b of all the weak compositions Bump(a’, ") for (a’,b") € S(a,b).

Let a = 0102,b = 1001, then S(a,b) is the set
{(0102,1010), (0120, 1001), (012, 101), (012, 110), (120, 101), (102, 110), (12,11)}

Then
amb=1112+ 1121 + 1103 + 2012 + 1202 + 2021 + 2003

where in the above, we use underline to denote the 0 added during Bump.

The {M,} basis has positive structure coefficients. In partic-
ular,

M, - My = 3 S, M,

where ¢, is the multiplicity of ¢ in am,b

Proof. By definition, MM 9 = ¥ (s pry 2 Y with sum over (a’,b’) such that (a’)* = a
and (b')* = b. Our rule collects together such monomials as monomial slide polyno-
mials. v
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We see by the above computation, we get

Moi02 - Mioor = Mir12 + My191 + Mi10s + Migoz + Maogr2 + Magar + Maoos

For all 8 bases of ASym, the product of a basis element times
a Schur polynomial expands positivity in the same basis.

For G, this above theorem is from geometry (i.e. &,-s, is just product of two
Schubert polynomial, hence positive as desired).

For §, and 9, and X,, this follows from each having positive structure coeffi-
cients and s\ — §, > M, > X,.

For ®, and %,, see Haglund, Luoto, Mason and van Willigenburg in 2011.

For 9, and B,, see Searles 2020.
The same is true for K-version of the 8 bases and symmetric
Grothendieck polynomials.

This is about the end of the general ASym polynomials. Next we are going to
focous on Schubert polynomials. But before this, let’s ask:

1. What are all the polynomials telling us?

2. what do these weird bases mean?

3. Three of those 8 polynomials are coming from MacDonald theory, what about
the rest 57

The rest of the term will be about Schubert polynomials.

So, Schubert polynomials, and we will think about the space M, of n xn
matrices, which is just C**.

Inside the space of matrices, what happen when I multiply them together? Say,
we want to look at all A € M,, such that A% = 0, denote this set as N. This is an
algebraic variety because A € N is determined by vanishing of polynomials. For
example, say we have

T1 T2 I3
A=y y2 3
21 22 23

then we have 9 things to compute, and we need to set all of them equal 0. In general,
we need to set n? polynomials to 0.

The next question is, are these only polynomial relations satisfied on N7 Of
course not, as we recall N = V(Z) = Spec C[z!, ..., 2"*]/\/Z, hence we have the entire
ideal Z generated by the n? polynomials vanishes on N.

o4



This is easy to see, and the next question is, are we done yet? Are there anything
else? Is there any secret equations? Well, we are missing the trace equation. Since
those polynomials are nilpotent, we know its trace is always zero, and this is a linear
term.

Beside the trace, is there anything else? Nope, and this is the following theorem.

Let Z(N) be the set of polynomials that vanish identically on
N, then Z(N) is generated by the n? terms and the trace.

The moral of the story is, the generator of Z is not always the full generators

of VI.

For I a set of polynomials in C[xy,...,x,], we define
V() =V(Z)=A(x1,..,x,) eC":VfeZ, f(x)=0}
where 7 is the ideal generated by the set of polynomials I.

For V a set of points in C", we define

I(V)=A{feClxy,....,x,] : YV eV, f(x) =0}

The above two definitions almost look like inverse of each other, and the ques-
tion of secret equations above is just the question of how much is V' the inverse of
I. In other word, when does I(V(Z)) =Z?

Observe if f* € I(V(Z)), then we see Vp € V(Z) we have f*(p) = 0. But
this is (f(p))* = 0 and hence we must have f(p) =0 as C is a field. Thus we see

fel(V(D)).

For 7 an ideal, we define the radical of I as
VI ={feClxy,.. x,]: f* eI for some k> 0}

We say 7 is radical if T = \/T.

VVZI =T for all ideal T.

For any ideal T of Clxy,...,x,], we have

I(V(T))=VTI

Thus, apply Nullstellensatz to Z(N), we see this means some power k of trace

sits inside the n? quadratic equations. To show we don’t have any more secret
equations, we just need to show Z(N) = \/Z(N). This is doable, but not always
computationally easy.
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This is the sort of geometry we want to think about, and the next topic is
classical determinantal varieties.

Let M, be the space of n x n matrices, consider the locus of singular matrices
in M,. It is a variety given by V'(det), in this case, it is a hypersurface.

More generally, let M,,, be the space of m x n matrices, and this time we
cannot talk about invertibility, but instead the rank. In particular, we can consider
the locus of matrices of rank < k.

&, cutout by all (k+1) x (k+1) minors
(if you have a k + 1 by k + 1 minor refuse to die, then your rank is at least k + 1).

It is an algebraic variety, denoted by MF

Consider MJ,, so we have the following

r1 ... X4
Y - Y4
21 ... R4

Then M3, = V({2 x 2 minors)), which is generated by, for example, z125 — 232
and so on.

Thus, is there any secret equations this time? The answer is no this time, but
it made people busy for a centuries or so.
An ideal Z is prime if fg e Z implies feZ or geZ.

T is prime implies I s radical.

Proof. Say f* € Z, then f*1f € Z and so either f € Z or f*! € Z, now induction
follows. Q

Consider 7 := ((y — 22)(y — z)), then V(Z) is given by

Clearly this is two “graphs” glued together, and those two graphs are given by
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V(y-x) and V(y—22). Its not hard to see (y—x) and (y —x?) are primes, and
hence 7 is “decomposed” into two prime ideals.

(minor 1)) s a prime ideal (hence radical), where minor 1)
is the set of k+1 by k + 1 minors.

The right context for those questions is “Schubert determinant ideals”.

For w € S, recall the rank matrix (see Definition .2). For example, if w = 2143,
then the rank matrix is

0111
1 2 2 2
1 2 2 3
1 2 3 4

We note this is indeed the “rank” of a matrix. To be precise, the (7, ) entry of the
above matrix, is the rank of a submatrix in the permutation matrix associated with
w.

The matrixz Schubert variety X, is the locus in M,, such
that the northwest submatrix has rank at most r;;, where ;; is the (7, j)-entry
of w’s rank matrix.

The Schubert determinantal ideal is the ideal

7, = (minor,, ,; in the northwest submatrix Z;;)

So why we can put Schubert in front of everything? If we take X,,, and consider
X»NGL,(C), and take a quotient by Borel subgroup B. This gives X,,nGL,(C)/B ¢
Flag, then we get the Schubert variety €2,,,.,-1.

We want to understand what’s going on with those, and the first question to
ask is, is Z,, radical, and if this is the case, is Z,, is prime?

To do this, we will deform our space to something simpler.

Take w = 4321, then the rank matrix is

o O O
N = OO
w N = O
=~ W N

Most of the conditions in the Schubert determinantal ideal is redundant. In
particular, all we need is the information from the blue boxes in the following:
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o 0] !
0] |

0
0
o)
(

— N
= | |

(
2

To see this, note if we know, for example, the rank of the submatrix at (3,1) is
zero, then the rank of submatrices on top of this blue box must all be 0. If we
know the submatrix at (3,1) and (2,2), then we know the submatrix at (3,2)
is at most 1, and so on.

L. s generated by the minors from the essential rank
conditions.

This is plausible because rank functions restricted to essential set determines
the permutation. Apparently, people just call this the Fulton generators.

Let R = C[z, ..., 2,] be a polynomial ring and Z an ideal of R. Then we have
the quotient ring R/Z. If Z is homogenous, then R/Z is graded, and each graded
piece is a C-vector space.

Thus, the natural question is, what is dim¢(R/Z)(™? Well, since this is a
combinatorics course, of course we want to build the generating function:

H(t) = Y dime(R/T)™¢

This is the Hilbert series of R/Z.
Consider C[z,y, z]/(0), then

H(t):1+3t+6t2+(3+2)t3+(4+2)t4+...+(m+2)tm+___:;
2 2 2 (1—t)3

Similarly, we see C[z1, ..., 2,]/(0) gives H(t) = ﬁ

Next, take Z = (zy) and consider C[z,y, z]/(zy). In this case,

_ _ 42
H(t) = 1+3t+5t2+7t3+(15—6)t4+"‘+((m; 2)_(m+22 2))tm+”' i (1—;3

We observe in all three examples, the H(t) always has the rational form, and

it is of the form H(t) = (f_(gn, if we are working with n variables, where the k(t)
is called the k-polynomial of R/Z. There is another piece of information we can

obtain from this.
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Take Z = (zy) and R = C[z,y, z]. In this case, we have k(t) =
1 - t2. Next, we make a change of variable ¢t » 1 -¢, and then k(¢) becomes
2t —t2, and we call the lowest degree part to be the degree of R/Z. In this case,
the degree is 2t. If the setting is nice, then the coefficient of the degree gives
the number of irreducible components of R/Z, and t tells you the codimension
of those irreducible components are 1.

We also note normal people would say the degree is 2, not 2t.

Next, we want to milk the Schubert polynomials out of this. Thus, let’s go back
to the setup with a matrix of variables (2;;)1< j<n- Next, we say z;; has multidegree
é; = (0,...,1,...,0) where we get 1 at ith position. For example, in this case, the
polynomial z1329521425527s has multidegree

(2,3,0,0,0,0,1,0)

Now consider R(z;;)/Z with Z multidegree homogenous, we get multi-graded
Hilbert series

H(ti,.tn) = . dimg(R/T)mmn)gagnz  gmn
mezLy,
o k(ty, e t,)
[T T (1= 85)

Next, let’s do the change of variable t; » 1 —t;, we get the lowest degree part
to be the multi-degree of R/Z.

What we are secretly doing is, we have the left action of diagonal
invertible matrices 7' to (z;;). Then V(Z) has an T-equivariant cohomology
class which is more or less the multi-degree of R/Z we are considering, and the
k-polynomial is more or less the T-equivariant K-class.

The matriz Schu-
bert variety X, has multi-degree is equal Su(ty,...,t,). Neat, sending t; — 1—t;,
the k-polynomial becomes &,,(6 = —-1,11,...,t,).

Well, it is natural to ask, we got 8 different bases of ASym, do we have analogous
varieties for the rest seven bases? We don’t know.

The next topic will be Grobner bases.
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Let R = C[Z]. A monomial order is a total orders on
monomials such that:

1. m < n if and only if mp < np.
2. m<mp.

The lexicographic order is a monomial order: we order the
variables z; < 29 < ... < z,, then Z° < Zb if rightmost non-zero entry of b - a is
positive.

The graded lexicographic order is also monomial order: first order by
total degree, break ties with lexicographic order.

For f € R, the initial term init(f) is the one term in f
whose monomial is biggest. For F' ¢ R, we define init(F') = {init(f) : f € F'},
and hence for an ideal Z we define the initial ideal as (init(Z)).

Consider two variables x <y and f = 222 + 3zy + 4y?, then we
see V(f) is a hyperbola. For ¢t € C\0, we send (z,y) — (tz,t?y), then we get
f V21222 + 3t3xy + 4t*y>. Then, observe

V(t-f)=V (2222 + 3t3zy + 4t*y?)
21222 + 3t3xy + 4tty?
=V( )

14
2 2.3 2
:V(Elﬂ +4—txy+y)

However, if we consider ¢t - oo, we get our vanishing locus becomes V' (y?). To
think about this, we have the two branches of the hyperbola becomes closer and
closer together as ¢ becomes bigger and bigger, and when ¢ goes to infinity, the
two branches just become one branch with multiplicity 2.

The moral is, if you don’t understand what hyperbolas are, we can just
look at the limit of this family of hyperbolas, and we see it is V' (y?) in our case,
and we can say, oh, so hyperbolas are “just” two lines. So, using degeneration,
we get simpler objects, and properties can only get worse.

The general principal is, for many properties, V((initZ)) is
weakly “worse” than V(Z). So if you can compute V ({initZ)) is “nice”, then
V(Z) is at least that nice.

Here are some examples:

If (init Z) is reduced, then Z was reduced.

If (init Z) is prime, then Z was prime.

If (init Z) is Cohen-Macaulay (CM), then Z was CM.

The multi-graded Hilbert function of R/Z and R/(initZ) are equal. So,
the k-polynomial and the multidegree also match.

&89 =

Thus, this gives us a way to compute the multidegree of matrix Schubert variety,
by finding (initZ,,).
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Now, suppose Z = (gi, ..., gk ), then we can take (init(g;): 1 <i < k) c (initZ). It

would be nice if they are equal.

Say {g1,..-,9r} is a Grobner basis for T if T = (g1, ..., gr)
and
(init g; : 1 <@ <n) = (init Z)

Here is an example of non-Grobner basis. Say w = 2143, and
our Fulton generators is

211 R12 <13
Ly = (Zu,d = |R21 22 223 )
231 232 233

Thus we see 211222233 € Z and 211223232 € Z. Then d — 211292233 + 211293232 € T
and this term contains no z;;. Then, suppose take a monomial order such that
211222733 18 the lead term for d.

THen, we see init(Z,) is not the same as init(z1;) = 211 and init(d) =
211222233 because init(d) € (z11) and hence

(init(z11),1init(d)) = (z11) ¢ (init Z,,)

This shows, by picking the monomial order in a bad way, we get a non-Grobner
basis.

Last time we talked about Grobner bases. However, we note this is not realy a
basis because we can always add new terms to a Grobner basis to get another, i.e.

we don’t have minimal condition on the basis, hence they are realy just a spanning
set.

Next, we ask do they exist? Well, of course, just take the whole Z. But this is
bad, so a better question is, do finite Grobner basis exists?

Every I has a finite set of generators.

There is a finite algorithm to produce a finite
Grobner basis from finite set of generator.

However, Hilbert’s basis theorem only tells you finite generators exists, but not
what they are. So, in general it is still hard to find Grobner basis.

For R = C[Z] where Z is nxn matrix of variables. We say a
monomial order is diagonal if the lead term of every minor is the product along
the main diagonal. We say it is anti-diagonal if lead term of every minor is
product along the anti-diagonal.
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For allw € S,,, and any anti-diagonal
monomial order, the Fulton generators are a Grobner basis.

T, s radical.

Proof. Fulton generators are determinants, so lead terms are square-free and hence
there are no root we can take. This shows Z,, is radical as well. Q

Last time we considered init(Zs143), which gives non-Grobner

basis. Now we consider the anti-diagonal one, which gives

(initeq(Z2143)) = (211, 213222231) = (211, 213) N (211, 222) N (211, 231)
Viz, it has pretty simple primiary decomposition (i.e. you get prime ideals).

FEvery radical ideal Z in a
polynomial ring C[Z] has an essentially unique primiary decomposition into
prime ideals, i.e. Z=Pin...NPy.

Geometrically, this tells us V(Z) = V(Pin...nPy) = V(P1)u...uV(Py). Hence,
in the example of Zy143, see

V(Za143) = V (211, 213) U V (211, 222) U V (211, 231)

But we see V (211, 213) is just the codimension 2 linear subspace given by z1;—23; = 0,
and similarly for the other two.

We can always do this, and decompose matrix Schubert varieties into union of
coordinate subspaces.

Recall w = 2143, and let’s consider its pipe dream. To get the pipe dream, we
first take its Rothe diagram

Thus, we get all the pipe dreams by slide the + along the diagonal its located. Hence
we get three pipe dreams as follows

+ + 4+ +

But, now if we look at where the crosses are located, they are exactly given by
((1,1),(2,2)), ((1,1),(3,1)) and ((1,1),(1,3)). This is exactly our coordinate sub-
spaces, and this is always happening for matrix Schubert varieties.
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Schubert polynomaials, pipe dreams, and multi-
degree of matrix Schubert varieties all satisfies the same “cotransition” recurrence
as follows: for w # wy, let i be the least such that i +w(i) < n, then

ZEi@w = Z 6u
WKLY

w(i)#u (i)

Clearly they have the same base case:

1. Gy =2 ah 2. a0
2. We only have one pipe dream for wy, which is all + stuffed at the top left
corner.

3. The matrix Schubert variety Z,,, = (211, 212, 213, 221, 222, 231, ---)

Next, we check this on w = 2143 = 5153 = s3s51. In this case, the Rothe diagram
is

where the red star is the i we are looking for, i.e. 7 =1 and w(z) = 2.
Next, we check cover in the Bruhat order. They are given by
Uy = 18359 = 214359 = 2413
Uy = S951S3 = $92143 = 3142
Uz = S1S8983 = 2341
Uy = S3S951 = 4123

In the above, uy, u3 does not work because we don’t have w(1) # u(1). Thus, by the
cotransition recurrence, we have

Goaz = 21(x1 + 29 + T3)

On the other hand,
G3142 = x%(xz +13)
Guio3 = x?

It’s not hard to see we indeed have

2162143 = G3142 + Gui23

For we S,
(initea(Zw)) = () (zi;: P has B in (i,7))
reduced
pipe dreams
P of w
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We note on the left hand side, we need to pick a particular order (i.e. anti-diagonal
order). This means, when we change the monomial order on the LHS, we should
have different combinatorics on the right hand side.

In particular, what about diagonal orders? In this case, the Fulton generators
for w = 2143 were not Grobner basis, so we have to try harder.
The Fulton generator of L, are

diagonal Grobner iff w avoid 2143 (i.e. w is vexillary).

The terms of the prime decomposition of (inityZ,) correspond to flagged
semistandard tableauz. In particular, if w is Grassmannian permutation, then
this correspond to tableaux formula for Schur functions.

This seems like the end of the story, but we also have an ester egg from Lascoux.

The dominant part, Dom(w),
of the Rothe diagram D(w) is its cells with rank 0. Let Z be a matrix of vari-
ables, let ZPom(®) be Z with Z;; — 0 if (i,5) € Dom(w).

In the case of 2143, we get

0 212 213

Do
ZPom(W) — | 251 209 223

231 R32 233

On the other hand, if w = 21543, then the Rothe diagram is

Then ZPom(w) is similar to the above, with only 2;; equal 0.

Then, we have 7 is equal the ideal generated by z;; for (¢,7) € Dom(w) and the
(rij + 1) x (ryj + 1) minors in NW submatrix of Zgom(w) for essential, non-dominant
(i,7). Those are called the CDG (Canca, DeNegr, Corla) generators.

Last time we have the dominant part associated with the Rothe diagram.
Consider w = 2143 with Rothe diagram
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Then we get
0 212 213
Toraz = (211, |721 222 223
231 %32 <33

and
Loyaz = <211, 2127223731 T 213221232 — 212221733 — 2’132’222’31)

The anti-diagonal Grobner basis is 211, 213222231, and the diagonal Grobner basis
IS 211, £12%21%33-

The CDG generators of Z,, are diagonal Grobner
iff we avoids

13254,21543, 214635, 215364, 241635, 315264, 215634, 4261735

In the above, we note 214635 and 215364 are inverse of each other, and 241645
and 315264 are inverse of each other.

In the case of 13254, it is just 2143 bumped to S5 by adding a one.

In the case of 21543, even we have a box at the top left place, it is still bad
because the two boxes (4,3) and (3,4) locations.

In the case of 214635, there are two boxes on the same row.
Next, we are going to talk about bumpless pipe dreams.

Consider the tiling of n by n grids, and last time we have two tiles, and for
bumpless pipe dreams we are going to throw away the bumps and use the following
set of tiles B, 4,71, I, M, 5.

The rules are, there are n pipes starting at the bottom edges and ending at the
right edge, each pair of pipes crossing at most once.

Here is an example:

=
~
=
N
~
e B — N

Each BPD has an associated permutation, as we can see from above.

The BPDs for w € S, are constructed by droop moves. First, each w € S,
associates to a natural BPD by change the laser dots in the Rothe diagram to the
[&-tile. We can see from the above example. Next, we are going to get all the BPDs
from this via droop moves.
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A droop move is given by the following:

Ul

where the blue colour indicates blank tiles.

Let’s see a real example in action:

N
]

where on the blue indicates blank, the green and purple dots indicates possible
droops, and the left and bottom are results of droops.

Now let’s look back to the CDG generator of Zs143, which is

(211, 212221233) = (211, 212) N (211, Z21> N <Z117 233)

How is this correspond to our above BPD? Well, they correspond to the blank tiles.

For allwe S,
Su(z,y)= >[I (@i-y)

PeBPD(w) (i,j)eP
18
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Let’s compare the oridinary formula and this new formula. The old one we

have
Gw(xay): Z H (xi_yj)
PePD(w) (4,5)eP

is

and we see they are very similar.

However, when we write out the example, we see the new formula gives

Goaz(z,y) = (21— y1) (w3 —y3) + (w1 = y1) (x2 — y1) + (21 - y1) (21 — 42)
= (w3 -y3) + (22— 1) + (x1 - 92)

and the old formula gives

Ga143(7,y) = (1 —y1) (w3~ y1) + (71— Y1) (22 = y2) + (21 - 1) (21 - ¥3)
= (x3—y1) + (22— y2) + (x1 - ¥3)

We see they are the same polynomial, with variables changed. This implies there is
no bijection between BPD(w) and PD(w) preserving the double weight.

There is an explicit bijection preserving
the x-weight.

The naive hope is that, for w € S,, (inity(Z,)) has a prime decomposition as

() (z2i:(i,5) € PisD)
PeBPD(w)

This works for w = 2143, but this is wrong in general!

Problem one: In (init4(Z,)) is not radical in general. Thus it does not have a
prime decomposition at all (it still has primiary decomposition, of course).

Problem two: In general, (init4(Z,)) is not well-defined. It depends on the
choice of diagonal order.

The resolution of problem two is that, the dependence is mild, although we get
different primiary decomposition, the set of associated primes are equal. Actually,
the multiplicity of each associated prime is equal as well (in this case, we can’t
distinguish, say in C[z,y, z], that (22,y) and (x,y?) are different)

The resolution of problem one is that, BPDs also appear with multiplicity.
What this means is that, in normal pipe dream, if we know all the crosses, then we
know the entire tiling, but this is not the same in BPDs, where even we know all
the blank tiles, we can’t ascertain a unique BPD.

For example, say w = 321654. Then one possible list of droop
moves are
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Both contribute to

(21 = y1) (21— y2) (21— y3) (w2 = y1) (w2 = y2) (23 — Y1)

This correspond to coordinate subspace

(2117 212, 213, 221, 222, Z31>

But every diagonal degeneration of Z3o1454 has the above subspace with multi-
plicity 2.

For any diagonal monomial order
d and any w € S, the irreducible components of V ({inity(Z,))) counted with
multiplicity correspond to the BPDs for w counted with multiplicity, i.e. the
coordinate subspace V ({zi, jys -, Zipjp)) @ppear with multiplicity m if and only if
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there exist m many BPDs for w with O in exactly positions (i, j;).

There are still some problems with this:

1. We still don’t have Grobner bases (except CDG case).
2. When does multiplicity occur?

Consider w = 21543, which is not CDG. The Rothe diagram
is

The Fulton generators are z;1, four 3 x 3 minors in the matrix enclosed by z1;
and z34, and three more 3 x 3 minors enclosed by z;; and z43. Take diagonal
order that is going left to right in rows first and top to bottom second. Then

(inity(Zo1s43))

has a minimal generating set with ¢ elements including one with degree 5. But
what is the degree five element? We don’t realy know...

Consider w = 214365. Let d be diagonal order that’s lexi-
cographic and it’s going left to right first and top to bottom. Let d’ be lexi-
cographic and going top to bottom first, then going left to right second. The
Rothe diagram for w is

N[

Then the Fulton generators are z11, det(z1; = z33) and det(z11; — 255) where a —
b means the submatrix enclosed by a and b. Then (inity(Zs14365)) is generated
2
by 211, 212221233, 212221%34243%55, 212%23231234243%55 and £13%91%32431743%55- When
we take d’ instead of d, we get (inity (Z214365)) is generated almost similar terms,
2

namely 211, 212221233, 212221234243%55, Z19%23%31234243%55 and 213221232231 243%55.
Here, the last generator don’t have square terms anymore, and the second last
generator gained a square term.
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Both gives V ({211, 212, 221)) with multiplicity 2, one from V'(z11, 2%, 221)
and one from V (211, 212, 25,).

Now move to w = 2143675. Define d and d’ as as before. Then
(inity(Z,)) has 43 associated primes at height 4 that correspond to irreducible
components and 10 embedded primes at height 5. On the other hand, if we
change d to d’, then we still get 43 associated primes at height 4, and 6 embedded
primes at height 5.

We don’t have any understanding when is this happening (i.e. when do embed-
ded primes occur?). It would be nice if this is some pattern avoiding, but we don’t
know.

Next, we talk about how transition fit in the story.
Let (a,b)

be a mazimally southeast box of D(w). Set v = wt, 1) where t,y is the per-
mutation swaps a and b such that D(w) = D(v)u{(a,b)}. Let ®(w,v) = {vt;,:
i<a,vtiq>v}. Then

Suw(®,y) = (Ta—)Su(z,y)+ Y, Su(z,y)
ued(w,v)

Let w = 42154, then we have the following droops:

W:A,l\fg

AR
8

Next, fix (a,b) = (4,3), and let v = wty5 = 42135. Then we get

O (w,v) = {ug = 43125 = vitgy, up := 42315 = viz4}
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For u; and us, we have the following

W:M\f%

WA X
X

P

where the purple arrow indicates equality. Thus, we see the above theorem
indeed holds if we add v = wty5 in the picture.

Let (a,b) be mazimally southeast in D(w)
and v = wtq,-1py. There is a bijection

U :BPD(w) - BPD(v)w |J BPD(u)

ued(w,v)
such that:

1. if W(P) € BPD(v), then the blank boxes O for P is equal the blank bozes
of W(P) union a blank box at (a,b).
2. otherwise the blank boxes of P is equal blank boxes of W(P).

Proof. The Rothe diagram for v comes from the Rothe diagram for w by supplying
the exits of pipes b and w(a). Every BPD for w has the same tiles southeast of

(a,b) becausethey are connected by droops, so we can do this same swap on all of
BDP(w). Let P e BPD(w), then (a,b) has either [J or 7.
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Case 1: P has O in (a,b). Then the pipe swap gives a BPD P’ for v with
O(P) =0(P")u{(a,b)}, set W(P) = P’'. Here O(P) just mean the blank boxes of P.

Case 2: P has ?1in (a,b). Then the pipe swap puts a bumping tile % in (a,b).
But this is a bump and hence we want to fix this, and we have a unique way to do
this: replace B with 8 and call the result W(P). Clearly O(P) = O(W(P)). Now
‘II(P) € Uue{)(w,v) BPD(U)

It remains to check this is a bijection, and the proof follows. 0
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