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1 Categories

Category is cool.

Definition 1.1

A category C consists of:

1.
%

a class of objects Obj(C)

a class of morphisms Hom.(A,B) = Hom(A, B) for every pair of A,B €
Obj(C)

such that:

1.

%
3.

there is a map Hom(A, B) x Hom(B, C) — Hom(A, C) called composition,
and we write this as (f, g) — f o g € Hom(A, C)
forf:A—>B,g:B—Candh:C — D,wehave (fog)oh=fo(goh)
there is an identity map Id € Hom(A,A) such thatId,of = f and gold; = g
for all A, B € Obj(C)

Definition 1.2

Let C be a category, A,B € C. Then we say A and B are isomorphic, and write
A= B, if there is a morphism f : A — B such that there is a morphism g : B — A,
with f o g =1dgz and g o f =1d,.

In the future we will use C to denote the object as well.

We remark that there are some subtly points to be made about the foundation.
Namely, here when we say class we mean a collection that can be a set or can be
bigger than sets (e.g. “the set of all sets” is a proper class).

Definition 1.3

A locally small category C is a category where Hom(A, B) is a set for every pair
of A,B €C.

All the things we learned in undergrad and most grad courses are categories.

Example 1.4

RIS

We have the category of sets (Set), the morphisms are set maps

The category of groups (Grp), the morphisms are group homomorphisms
The category of topological spaces (Top), morphisms are continuous maps
The category of pointed topological spaces (Top*), here the objects are
pointed topological spaces, i.e. a pair (X, x) with x € X, and morphisms
are continuous maps f : (X,x) — (Y,y) with f(x) =y

. The category of abelian groups (Ab)



6. The category of rings (Ring)
7. The category of left R-modules (R-Mod), which we will use this to denote
the category of left modules
. The category of right R-modules (Mod-R).
9. Let X be a topological space, then we define Op(X) as the category of open
sets of X, with morphism being U — V if and only if U C V
10. The category of Lie algebra over k, (Lie; ), where objects are Lie algebras.
That is, a Lie algebra is a k-vector space V, together with a Lie bracket
[,]:V xV — V such that:
e [,]is bilinear, i.e. [av, + vy, w] = a[vy,w] + [v,, W]
* [v,wl=—[w,v]
s [[v,wlul=[lv,ul,w]+[v,[w,ul]
The morphisms are of course k-linear maps that preserves the Lie bracket,
ie. p([v,w]) =[¢(v), ¢(w)]. Here is a basic examples of Lie algebra: take
R be a ring (need not be commutative), k — R, with k € Z(R) = {z € R :
gx = xg forall x R}, and [r,s] =rs—sr.

(00}

Definition 1.5
A groupoid is a small category where all morphisms are invertible.

Immediately we see a group is the same as a groupoid with the object being a
singleton, i.e. Obj(G) = {*}.

Example 1.6

Let C be a groupoid such that |Hom(A, B)| < 1 for A, B € C. Then this is the same
as a equivalence relation on the set Obj(C).

A functor is just a morphism between categories:

Definition 1.7

Let C, D be two categories. A functor F : C — D consists of:

1. F : Obj(C) — Obj(D), which we write as F(A) or FA.
2. F : Hom(A, B) —» Hom(FA, FB) for all A,B € C, which we write as F(f) or
Ff for f :A— B.

such that:

1. F(Id¢) = Idp()
2. F(fog)=F(f)oF(g)

Example 1.8

1. The forgetful functor G : (Ab) — (Grp) which sends the abelian group G to
the group G.
2. The abelianization functor A : (Grp) — (Ab) which sends the group H to



the abelian group H/[H, H ], where recall [H, H] is the commutator of H.
. The forgetful functor G : (Grp) — (Set) which sends G to the set G.
4. The free functor G : (Set) — (Grp) which sends the set S to the free group
generated by the symbols in the set S.
5. The fundamental group functor 7, : (Top*) — (Grp) which sends (X, x) to
the group of loops start and end at x. The morphisms are the natural ones.
For example 7,(S',1) = Z.

w

Let’s see some actions

Theorem 1.9: Brouwer’s Fixed Point Theorem

Let D ={z€C:|z|]<1}andS'={z € C:|z| =1}). Thenif f : D — D is
continuous then f has a fixed point.

Proof. Suppose not, and let f : D — D be continuous without fixed point. Then

f(x) # x for all x € D, and thus the ray f(x) — x must hit a unique point on S*.
Denote this point by ¢ (x), and observe ¢ : D — S is continuous. In particular, note
we have diagram

i

Sl<——3D
a4
Sl

Now, by the above example, we see 7,(S?, 1) = Z, and by basic algebraic topology we
see 1,(D, 1) = {1} is trivial. Now by functoriality, we must have

m,(85,1) << 7D, 1)

nlm \Lnl(¢)

TCl(Sl, 1)

This is the same as a diagram
z — {1}

N4

There are no such arrow {1} — Z make the above diagram commute, hence we are
done.

Example 1.10
Let S = R[xy, ..., X,,] be the ring of polynomials over a commutative ring R. Let

I C S be an ideal of S. Then we can define the functor V(I) : (R-Alg) — (Set) as
follows: for each R-algebra f : R — T, we let

VI(T) = {(ty, s t,) € T™ 2 f(ty, s t,) = OVf €1}



One can show this is a functor.

For example, if we let R=R, S =R[x,y],and I = <x2 o 1>, then we see
V(D(R) = {(x0,¥0) €R? : x5 + y5 —1 =0}

When we plot this set, its not hard to see the picture is given by the circle of radius
1, which we will denote by S'. On the other hand, if we take the R-algebra be
R[t]/(t?), which we will denote as R[e] where we use € to denote the image of
t in R[t]/(t?). We see clearly that elements of R[e] can be written as x, + x; €
for x,, x; € R, such that €2 = 0. Then we see V(I)(R[€]) consists of all the tuples
(xo+x1€, Yo+ y:1€), with x, X1, Yo, ¥1 € R, such that (x,+x,€)*+(y,+y,€)* = 1.
Expand this expression out, we get

(x0 + x1€)° + (Yo + ¥16)° = x2 + 2xox1€ + x2€* + y2 + 2y, y,€ + yi€®
= (X(z) +)’§) + 2(xox1 + Yoy1)€

For this expression to equal 1, we must have

xe +ys=1
XoX1+ YY1 =0

Now fix a point (x,, y,) on the circle S! of radius 1 in R?, we see all solutions to
XoX1+ Yoy: = 0 lies on the unique line passing through origin and parallel to the
tangent line of S* at (x,, y,): see the following

X, =04

~10 . 10

N=V 1_"3

o = 0.916515138991

(x()vyo)
Label

X2 +y2: 1
xo(x—x0)+y0(y—y0) =0
N k

Example 1.11

1. Let U : (Ring) — (Grp) be R — R*, which sends the ring R to the group of
units of R. In this case, f : R — S then U(f) is f ..
2. Let F : (Ring) — (Ab) be R — R where we forget the ring structure on R



and only keep the additive structure. This is a functor.
3. Let R: (Ab) — (Ring) be the free tensor A — ,,A®". This is a functor.

Example 1.12

Let (Dom) be the category of integral domains, and let (Field) — (Dom) be the
inclusion functor. Then, can we get an “inverse” functor F : (Dom) — (Field) by
define F(R) = Frac(R)?

The answer is no, because for example, if Z[x] — Z is defined by f (p(x)) =

p(0). Then F(f)(%) = % = %, which makes no sense.

The fix is to consider (Dom, ), which is the category of integral domains, with
morphisms being injective morphisms R — S. Then the functor F is well-defined.

Definition 1.13

A functor F : C — D is full /faithful if Hom(X,Y) — Hom(FX,FY) is surjec-
tive/injective. In the case F is full and faithful we say F is fully faithful.

Let’s see check whether some of the functors are full/faithful.

Example 1.14

Let G : (Grp) — (Ab) be the abelianization.

Then this is not faithful. Indeed, take A; C S5, and two morphisms A; — Ag
be the identity and h — xhx ™!, conjugation by x # e € A;. Then we see G(Id)
and G(h — xhx™!) are both the identity on G(As), as [As,As] = As because A is
simple and [As, A< ] is normal and cannot be trivial (simple means the only normal
subgroups of G is the trivial group and G itself).

This functor is also not full. Indeed, take
H,=17/2Z,H, = Qg = {*i,+j, +k, +1}

Then Hom(H,, H,) consists of 4 elements and Hom(G(H; ), G(H,)) consists of 8
elements.

2 Natural Trans and Equivalence

Natural transformation is a way to compare functors.

Definition 2.1

Let F,G : C — D, then we say 6 : F — G is a natural transformation if, for
0
all A € C, we have an arrow F(A) — G(A), such that for all f : A — B we have



diagram
F(f)
F(A) — F(B)
A 05

6 22 6(B)

We note that if F : C — D, and 6 = Id, then 6 : F — F is a natural trans because

FA 29 pp

\lem \LIdFB

FA 29 pp

commutes.

We can compose two natural trans vertically, i.e. if we have
F €
T)\L ———= l/e
G D
then we can define e o) : F — D and this is again a natural transformation.

Example 2.2

Let C, D be two categories, we can define £ := Fun(C, D) to be the category where
objects are functors and morphisms are natural trans.

Example 2.3

Let (Vec) be the moduli space of vector spaces, and (Vec)(k) the category of k-
vector spaces. Then we get

(Vec)(k) — (Vec)(k)

V—V*

This is clearly a functor. On the other hand, we can also do V — V**, the dou-
ble dual of V, which also defines a functor F. By linear algebra, we see there
is a natural transformation between the double dual functor F and the identity
functor.

Let’s now restrict to I : (FinVec)(k) — (Vec)(k), where (FinVec) is the moduli
space of finite dimensional vector spaces, and I is the functor of inclusion that
is fully faithful. In this subcategory, the natural transformation between Id and
double dual F admits a inverse natural transformation. This is because when we
deal with finite dimensional vector spaces, the dual and double dual will have the
same dimension as V.



Example 2.4

Let G be a group, viewed as a category, and let S : G — (Sets) be a functor. It
is not hard to see that such a functor is the same as a left G-set S, i.e. a set with
a left G-action. Thus, suppose we have two functors S, T : G — (Sets), then a
natural transformation 6 : S = T is the same as a G-equivariant map 6 : S — T.
That is, 6(g-s) =g-0(s) foralls€ S and g € G.

Next we will talk about equivalence of categories and isomorphisms.

There should be a distinction between those two notions when we deal with cate-
gories. For example, consider a category C with objects being Z and we have an arrow
a — b if and only if a = b (mod 4). On the other hand consider Z/4Z as a category
(as it is a groupoid). Those two categories should be equivalent, but they cannot be
isomorphic as one has infinitely many objects and one has 4.

Definition 2.5

We say C and D are isomorphic if there are F : C — D and G : D — C such that
GoF =1d; and F o G =1d,.

Definition 2.6

We say C and D are equivalent if there are F : C — D and G : D — C such that
GoF =1d; and F o G =1dp. In this case we say F is the quasi-inverse of G.

In other word, C and D are equivalent if we have  : GoF — Id. and ™' : Id, — GoF
and so on.

Exercise

Check the two categories we described above about Z/47Z are equivalent. Con-
clude that

PMATH945 = MATH145 (mod Z/47)

Definition 2.7

A functor F : C — D is essentially surjective if for every D € D, thereisa C € C
such that D = F(C).

Definition 2.8
A full subcategory C’ C C is a skeleton if for every object X € C, there is an

isomorphism X — Y where Y € C’ and Y is unique. A category C is called a
skeleton category if C is a skeleton of C.



Lemma 2.9

If C is a category, then C admits a skeleton C’. Moreover:

1. The inclusion ¢ : C" — C is an equivalence of category
2. If C and D are skeleton categories, then every fully faithful and essentially
surjective F : C — D is an isomorphism of categories

Proof. First we prove C’ exists. By axiom of choice, we pick a representative in every
isomorphism class in C (i.e. we consider C/ ~ where A ~ B iff A = B). Let this
category be C’, which is a full subcategory of C. Thus, for every X € C, we can use
axiom of choice to select a particular isomorphism 6y : X = k(X) with k(X) € C'.
WLOG we can pick 8y =1dy if X € C’. Then there is a unique way to extend this map
between objects k : Obj(C) — Obj(C’) to a functor so that 0 : Id, — k. Indeed, set

k(f):=06y o f 00" € Homy (x(X),x(Y)), f €Homq(X,Y)

On the other hand, we clearly have kt = Id./, thus « is quasi-inverse of ¢, which shows
¢ is an equivalence of category.

On the other hand, suppose F : C — D is fully faithful and essentially surjective
between skeleton categories. Then for any Z € D, we can find X so Z = FX, but then
this means Z = FX (as D is skeleton). Such an X is unique, because F is fully faithful
and FX = FX’. Thus F is bijective on Obj(C) to Obj(D), and hence we can define its
inverse G.

3
Theorem 2.10

Let F : C — D, then F gives an equivalence of category if and only if F is essentially
surjective and fully faithful.

Proof. Suppose F is an equivalence of categories. Take quasi-inverse G : D — C and
GF Y, Id, and FG #, Id,,. Then, for every Z € D we can find ¢, : F(G(Z)) — Z. This

shows F is essentially surjective, and similarly G is essentially surjective. Now observe
the following composition

Hom(X,Y) SELEN Hom(FX,FY) SELAN Hom(GF(X),GF(Y)) —— Hom(X,Y)

£ s F(f) | > GF(f) —— Yy GF(f )y

is in fact the identity, thus the first arrow F has left inverse, and the second arrow G
has right inverse. Exchange the role of F and G, we see when X,Y € Obj(C) lies in

the image of G, then Hom(X,Y) SN Hom(FX, FY) has right inverse. However, every



object in C is isomorphic to something in the image of G, thus F is fully faithful as
desired.

Now we prove the converse. By Lemma 2.9 we can take skeleton inclusions ¢ :
C'— Cand, : D' - D. Let k; be (;’s quasi-inverse. Then F' :=k,0F o, :(C" - D’
is fully faithful and essentially surjective. Thus we know F’ is an isomorphism of
categories (by Lemma 2.9, as C’ and D’ are both skeleton categories). Set G :=(; o
F'~'ox,, then observe we have

GF = ,F 7'k, F 2y, F 7'k, Fukg = 11k, 2 1de

where we used the fact F' = k,F;.

Definition 2.11

Let C be a category, then we define the opposite category C°® be the category
where Obj(C) = Obj(C°??) and the arrows are given by A — B in C if and only if
we have an arrow B — A in C°P, i.e. we revert all the arrows in C.

Example 2.12

Let C = (FinVec)(C), then we have C = C°? where we send V — V* and if
T :V — W then T* is given by f — f o T. On the other hand we have C°** — C
by sending V — V* as well. This composition gives the double dual on C itself.

Example 2.13

Let k = k be ACE The category of affine k-varieties is equivalent to the category
of finitely generated reduced k-algebras. The two functors are given by R —
max Spec(R), and X — T'(X, Oy).

Example 2.14

Similarly, we have Gelfand’s theorem, which gives equivalence to the category
of unital commutative C*-algebras and the opposite category of the category of
compact Hausdorff spaces. The two functors are similar, one is Spec and one is
global sections.

Example 2.15

We also have Stone’s theorem, which says the opposite category of category of
Boolean algebras is equivalent to the compact totally disconnected Hausdorff
spaces. To get from Boolean algebra to Stone spaces, we just take Spec, and
on the other hand, we take X to the continuous functions from X to F,.

10



3 Adjoints

The adjoints are like nerds and jocks. I dont know what this means.
Definition 3.1

Let F: C —» D and G : D — C, then we say F, G is an adjoint pair, if we have
a
natural isomorphism Hom,(FA, B) =4 Hom(A,GB) for allAe C and B € D.

Here natural means that, if we have f : A— A’ and g : B — B’ then

Hom(FA, B) —23 Hom(4', GB)

| l

Hom(FA, B") —*s Hom(A, GB')
In other words, for x : FA' — B, we require the equality

G(g)oayp(x)of =asp(goxoF(f))

We note natural can also be interprected as a natural transformation between Hom(F(—),—)
and Hom(—, G(—)).

Next we will talk about examples of adjunction.

Example 3.2

Let R be a commutative ring and let’s look at the category of R-modules. Then
recall the universal property of tensor product says that, given R-modules M, N,
then M ® N satisfies the condition that for all R-module P, whenever we have
bilinear map M x N — P, then there is unique R-linear M ® N — P.

Now take A” = Homg)(B,A), then for any f : Y x Z — X in X"/ we can
map f to f : Z — X" by f(2) = f(—,2). Now specialize to X, Y, Z be R-modules,
then we get isomorphism

XY><Z o (XY)Z

In other word, we get
Hom(Y x Z,X) = Homg(Z, Homg(Y,X))

where on the left the arrows are R-bilinear. Now by universal property of ®, we
see this is the same as saying

Homg(Y ®; Z,X) = Homg(Z, Homg(Y, X))
Recast this in terms of functors, let F,G be functors from R-modules to R-
modules defined by:

1. F(M)=Y &M
2. G(M)=Homg(Y,M)

11



Then what we did above says
Homg(F(Z),X) = Homg(Z, G(X))

Let’s check this is an adjoint pair. Suppose we have ¢ : Z — Z' and ¢y : X —
X', then we want commutative diagram

Hom(Y ® Z',X) —2% Hom(Z’,Hom(Y, X))

| |

Hom(Y ® Z,X") —2% Hom(Z, Hom(Y,X"))
Then we see for f : Y ® Z' — X, we get

azx(f)= f 2" - Hom(Y,X)
fE)=f(y®2)

Then, we see for any input y € Y, we get

G o f o ¢(2)(y) = G(¥) o f(¢(2))
=G(Y)(f (= ¢(2)))
=p(f (y ®(2)))

On the other hand,

YofoF(p)2)y)=1pofoF()y®z)
= of(y®p(2))

The next example is field of fraction:

Example 3.3

Let (Dom,) be the category of integral domains, with arrows being injections.
Then let F : (Dom,) — (Fields) be the functor sends A to its field of fraction. On
the other hand, let G : (Fields) — (Dom,) be the forgetful functor. Then we see

Hom(F(A),K) = Hom(A, G(K)) = Hom(A, E)

naturally, as one should check.
Example 3.4

Let G : (Rings) — (Grp) be the functor defined by G(R) = R*, the unit group of
R. On the other hand, we can define F : (Grp) — (Rings) by

Hw— Z[H]

which is the group algebra of H over ring Z. They forms an adjoint pair. Indeed,

12



F(H)=Z[H], then for ¢ : H; — H, we get

F(¢)=¢ : Z[H,]— Z[H,]
ZheHl aph — z:heH1 ap$(h)

Then we see Hom(F(H),R) = Hom(H, G(R)) naturally as one should check.

Its not hard to see all of those have an universal property at play. For example, for
the unit group functor, we have

Example 3.5

Next, let’s ask if 7; : (Top*) — (Grp) has any left/right adjoint.
Is 7, a left adjoint? If it were, we would get G : (Grp) — (Top*) such that
Hom(Grp)(ﬂ:l(Xﬁ XO): H) = Hom(Top*)((X: Xo), GH)

Now take
(S"\{-1},1) - (s, 1) > (D,1)

where D is the unit disk. Then we know their fundamental groups are given by
{1} -Z—-{1}
Now apply adjoint, we must have
Hom(X,GH) = Hom({1},H)

Hom(Y,GH) = Hom(Z,H)
Hom(Z,GH) = Hom({1},H)

This is impossible as there is only one unique X — GH, while we have many
Y — GH. Similarly we cannot make 7, to be a right adjoint. Indeed, say F is left
adjoint to 7;, then we get

Hom(FZ,X) = Hom(Z,{1})

Hom(FZ,Y) = Hom(Z,Z)
Hom(FZ,Z) = Hom(Z,{—1})

which is impossible.

In general, forgetful functor is adjoint to free functor.

13



Example 3.6

Let G : (Grp) — (Set) be the forgetful functor, then it is adjoint to the functor
which assigns a set S to the free group (X) generated by the set S. This also has
a universal property: for all groups H and set map h : X — H, we have

X—X

X — (X)

7
h //~
eI

There are many examples of free functors, which we will not go into details as they
are very common. Another example would be X — span(X), which sends a set X to
the free vector space generated by X, so on and so on.

Example 3.7

Here is a slightly more complicated example. Let G : (Top) — (Set) be the for-
getful functor, and F be the functor sends a set S to the topological space S with
discrete topology. Then observe

Hom(FS,X) = Hom(S,GX) = Hom(S,X)
as one should check.

The abelianization functor is adjoint to the forgetful functor. Indeed, this is because
we have a universal property: for all group homomorphism ¢ : H — A with A abelian,
there exists a unique ¢ : H/[H,H] — A, which commutes with the projection map
H— H/[H,H].

Example 3.8

Recall a Lie algebra is a vector space L equipped with Lie bracket. Then for any
k-algebra R, we can define [a, b] := ab — ba which makes R into a Lie algebra.
Now, we have what’s called the universal enveloping algebra, which sends a Lie

algebra L over k to U(L), with the universal property that, for all Lie algebra
homomorphism ¢ : L. — R (where R is k-algebra), we have diagram

L — U(L)

b
K 3¢

The construction of U(L) is very strightforward, i.e. we define U(L) = k (X) /(xy—
yx:x,y €X), where X is any basis of L.

Example 3.9

Another example from analysis: let F : (MetricSp) — (CMetricSp) be the com-

14



pletion functor which sends the metric space to its completion. Then this is left
adjoint of the forgetful functor G.

Enough examples, now we do some theories.

Definition 3.10
Let (F, G, ¢) be a adjoint pair, define the unit
n :1d, = GF

by the image of Id;y under ¢ : Hompy(FX,FX) — Hom.(X,GFX), i.e. ny :=
¢(Idsy) : X — GFX. Similarly we define the counit

€:FG—1dp

by the image of Id;, under ¢! : Hom.(GY,GY) — Homp(Y,FGY), i.e. €y :=
¢~ (Idgy).

One can verify 1) and € are natural transformations. This is mostly diagram chasing.
Indeed, take h : X’ — X in C, then by naturality of ¢, we get commutative diagram

Tdpy Hom(FX,FX) —Y—% Hom(X, GFX) Ny
I ol b
Fh Hom(FX’,FX) ——% Hom(X’, GFX) o (Fh)
T (Fh)*T T(Gph)* T

g Hom(FX',FX") T) Hom(X’,GFX") Ny

where (Fh)* means it sends f : FX — FX to f o Fh and (Fh), means sends f : FX' —
FX'to (Fh)o f and so on. By chasing the diagram we conclude the following diagram

x 2y GFX'

N
h\L $(Fh) l/GFh
>

X T GFX
is commutative. This shows 1) is a natural trans.

We also observe the unit and counit determines ¢ in the following way:

¢(f)=Gfon:X—>GY, Vf:FX—>Y

¢ (g)=€yoFg:FX—>Y, Vg:X—>GY (Eq. 3.1)
We can prove this using a diagram: for ¢(f), observe
Idpy Hom(FX,FX) —*% Hom(X,GFX) Ny
i il [ I
f Hom(FX,Y) —_— Hom(X, GY) ¢(f)=Gf ony

The case for ¢ ~!(g) is similar.

15



Lemma 3.11
For adjoint pair (F, G, ¢ ), unit 1) and counit €, we have equations

Id, = (G 8 (GF)G = G(FG) =5 G)
ron » (Eq. 3.2)
1d, = (F I (GF) = (FG)F 5 F)

Proof. Let Y € D, by definition of €, : FGY — Y and Equation Eq. 3.1, we see
IdGY = ¢(€Y) = G(ey) °Ngy : GY —» GY

This is the first claim we want to prove. Using Id;y = ¢ '(ny) and Equation Eq. 3.1
we get the second claim.

24
Proposition 3.12

For a pair of functors F : C — D and G : D — C, the following maps are inverse to
each other:

{¢ : (F,G, ) is an adjoint pair } = {(n, €) : satisfies Eq.3.2}

Y — (nx = ¢ (idpx), &y = 80_1 (idGY))
e(f):=Gf ony < (n,¢)

Proof. Given units and counits (7, €). Define ¢(f) = Gf ony and Y(g) =€y oFg,
where f : FX — Y and g : X — GY. By naturality of ) and €, we see ¢ and 1 gives a
natural transformation between functors Hom(F(—),—) and Hom(—, G(—)). We claim

Y o ¢ =1d. Indeed, the left map sends f to e, o FGf o Fny. By naturality of €, we see
the diagram

Fnx FGf
FX —— FGFX —— FGY

lm \Ley

FXT)Y

commutes. Thus Y ¢(f) = f o €px o Fny. By Equation Eq. 3.2 we see this is f as

desired, i.e. Y ¢ = Id. Similarly we see ¢y = Id. This together with the above
discussion we conclude the proof.

>4
Theorem 3.13

Suppose F : C — D be a functor. If G,G’ : D — C be two right adjoints of F, then
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G=G.
Proof. By definition of adjoint, we have

Hom(A, GB) —2 Hom(FA, B) «= Hom(A, G'B)
We want to produce a map 1 : G — G’ so for all D € D we get 1), : GD — G’'D.

But take A= GD and B = D, we see by definition of adjoint, we get

Hom(GD, GD) = Hom(GD, GD")
Idgp = np

which is obtained by compose a and (') .

It remains to show 7 is natural. Thus let f : D — D’, then we want to check if the
following diagram

Gf ,

GD —— GD
b b
/ G/f '/

T —= ©D

is commutative. But by naturality of adjoint, we get commutative diagram

Hom(A’, GB) —— Hom(FA’,B) <— Hom(A4’,G'B)

l | !

Hom(A, GB') ——> Hom(FA,B’) <—— Hom(A, G’'B’)

forallA—» A" and B — B’. Nowset A=A"=GD,Id:A— A, B=D and B’ = D’ with
f : B — B’. Then we get a diagram

Hom(GD,GD) —— Hom(GD, G'D)

| |

Hom(GD, GD') —— Hom(GD,G'D’)

where Id;, € Hom(GD, GD) will be mapped to G’f on, if we go right then down. But
if we go down then right we dont really get what we wanted. To complete the proof,
we use naturality again, with B= B’ = GD’,Id : B — B’, A= GD and A’ = GD’ with
Gf :A— A'. This gives

Hom(GD’,GD’) —— Hom(GD’,G’D’)

| |

Hom(GD, GD") T} Hom(GD, G’'D’)

where if we go down then right, we get the same arrow as if we go down then right in
the diagram above this diagram. In other word, if we go right then down, we would
get an arrow equal to G’f o 1. But if we chase the diagram, this is in fact , o Gf.
This proves the naturality of 1), as desired.
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It remains to show we can find € : G' — G so e o =1d; and 1o € = Id;. This is
also just diagram chasing.

24

Now we do another example of adjoints.

Example 3.14

Let X be topological space, then we get category Op(X), with objects being open
sets and arrows being inclusion relation, i.e. U — V if and only if V C U. Let D
be a concrete category, such as (Set), (Grp), (Ring), (R-Mod) and so on.

Then a presheaf valued in D is a functor .% : Op(X) — D. We say .7 is a sheaf
if for all U and open cover U = | J U;, we get short exact sequence

FWU) — [, 7)) i:;; l_[i,jﬂ(Ui”Uj)

where p; sends (s;); to (;ly,nv,)i,; and p, sends (s;); to (s;]y,ny,);;- Its not hard to
see .7 () must be the terminal object in the category its valued in.

Since presheaves are just functors from Op(X) — D, we see morphisms of
presheaves are just natural transformations 1) : .% — ¢. In particular we get a
functor (Sh) — (PreSh), which is just the inclusion of sheaves into presheaves
(i.e. it is the forgetful functor). This functor has an adjoint, which is called
sheafification.

To define sheafification, one way to do it is using the explicit notion of stalks.
We define this as, for x € X,

F =1im. .7 (V)
—
xev

where the colimit runs over all open sets V containing x. This can also be de-
fined as equivalence class of [(f,U)] with f € .#(U) (we omit the equivalence
relation).

sh

Then, for a presheaf .7, we define its sheafification .7*" by

FNU) = {(sx) S l_[ T (8y) compatible}

xeU

Here compatible means the following: for all x € U, we can find open nbhd V,
of x and t € .#(V,), such thats, = [(t,V,)] forallz € V,.

Proposition 3.15

Let .7 be a presheaf. then .7 is a sheaf

Proof. Standard (and annoying) routine.

18



Theorem 3.16

The forgetful functor (Sh) — (PreSh) is right adjoint of sh : (PreSh) — (Sh).

4 Yoneda Lemma

Let C be locally small category, and consider Hom(—,—) : C°?? x C — (Sets). In par-
ticular by fixing A € C we get h, := Hom(A, —), which is a functor from C° to (Sets).
Similarly we can do h* = Hom(—,A).

Theorem 4.1: Yoneda

Let F be the full subcategory of Fun(C, (Sets)) with objects h®. Then we have iso-
morphism of categories C = F°PP. Similarly we get C — Fun(C°?, (Sets)).

We note in general its not enough to just know the size of the hom set, as we also need
naturality. On the ot her hand, it is, actually enough when working with finite abelian
groups, i.e. we know A=, Z/pf"Z for some k; > 1. But then Hom(A,Z/pZ) = p"
where r = #{j : p; > p} and so on.

Definition 4.2

We say a functor F : C°®? — (Set) is representable, if there exists X € C and
isomorphism ¢ : hy = F.

Example 4.3

Take C = Op(X) be the category of open sets on topological space X. Then we
see it sends an open set U to a presheaf on X, namely . (V) =0 if U € V and
otherwise its just the restriction of sections.

Theorem 4.4

A small category C is isomorphic to a concrete category.

Proof. Let Y : C — Fun(C, (Sets))°®® be the functor A — h,. Then we see since C is
small, hy = [ [, Hom(A, B). Thus we can form a new category C’ with objects being
]_[BEC Hom(A, B) as A varying. One checks if we have ¢ : A— A’ then we get induced
map in C’. But then its strightforward to see we get an equivalence of categories C
and C’.
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5 Limits and Colimits

Definition 5.1

An object I € C is initial if there exists unique I — A for all A € C. An object is
terminal if its initial in C°PP.

We note if [ is initial then its unique up to unique isomorphism.

Example 5.2

The following examples are standard

initial terminal
(Sets) 0 {x}
(Rings) Z ©
(AbGrp) (0) ©

On the other hand, in (Fields), we have no initial or terminal objects. When we
take the category of k-algebras, then initial is k and terminal is (0).

We can define initial and terminal objects by adjoint pairs. Let @ be the category
with 1 object ® and 1 morphism Id,. Then we get unique G : C — e by sending A to
e. Then, the functor which sends e to I is a left adjoint to G. On the other hand, the
functor sends e to T is a right adjoint to G.

In our definition of limits and colimits, we will use cone and cocones.

Definition 5.3
A diagram is a functor 5 — C.

Typically, B will be a small category. In this case, we can think of 3 as a bunch of dots
together with arrows between each other, as we can make 5 into a concrete category.

Definition 5.4

Let F : B — C be a diagram. A cocone to F is an object N of C and maps ¢y :
FB — N for all B € B, such that the diagram commutes with N.

To be explicit, when we say the diagram commutes with N, we mean that whenever
we have FB — FB’, then the triangle

FB’

oy

B —
N
commutes.
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Definition 5.5

Let F : B — C be a diagram, then a cone to F is a cocone to B — C°?P, i.e. we want
object N and morphisms ¢ : N — FB such that it commutes with the diagram.

Definition 5.6

A limit of a diagram F is a cone (L, ¢5) such that, if (N, fz) is another cone, then
there exists unique 6 : N — L such that the following diagram commutes

N
/B % fB’
¢ m
FB > FB’

for all B — B’. In this case we write L as

limF =1L
b

The definition of colimit is where we invert all the arrows above (i.e. we work
with cocones). In this case we write h_n)lF .

Remark 5.7
Note given F : B — C a diagram, then we get a category of cones (resp. cocones).

If we do this, then the limits are just terminal objects in the category of cones,
and colimits are just initial objects in the category of cocones.

Note if we take B be the empty diagram, then we just get the initial and terminal
objects of C, if they exists.

Example 5.8

Let B be the category with morphisms consists of only identities. Then we see

limF =] | F5
BeB

limF = ]_[FB
BeB

If we take C to be the category of sets, then we just get @F is Cartesian product
of sets and h_r)nF the disjoint union of sets. When we take C = (Top), then the

product is literally [ [ X; with product topology. In the category of groups, product
is just free product and coproduct is direct sum. In category of commutative rings,
product is Cartesian product and coproduct is tensor product.
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In rings, Z[x]] [Z[y] = Z(x,y) and in commutative rings Z[x]] [Z[y] =
Zlx,y].

Lemma 5.9

Let ] = ]_LEJ I; as a partition of sets. If all products indexed by Z; exists for all j € J,
and all products indexed by J exists, then all products indexed by I exists in C. In
particular we have unique isomorphism a and commutative diagram

l_LXi L> l_[jeJ (nielei)

PkpPj
x \L i

X
Similar results holds for coproducts.
Example 5.10

Let Z be a small category with diagram F : Z — (Sets). Then
lim F := {(Xi)ieobj(z) € l_[F(i) : Yo € Hom4(i, j), F(o)(x;) = Xi}
i€l

This is, in fact, an equalizer diagram, which we will define later. Clearly we have
natural projection p; : liLnF — F(j), defined by p;((x;);) = x;, where j range
over Z. Next we consider G : Z — (Set) and we compute h_r)n G. This is given by

lim G := (]_[ G(i)) [~
i€Z
where the equivalence relation is generated by
x ~G(o)(x), Vo:i—j,xeG(i)

Those two examples above are nice, as we get a complete description of what
limits and colimits look like when our category is at least sets. However, the ~
relation here is very inexplicit. We will resolve this problem when we consider
filtered limits/colimits.

Example 5.11
Let X be a topological space, .# a sheaf on X. Then we see the stalk is an colimit.

Next, we talk about equalizer/coequalizer, and pushout/pullback.

Definition 5.12
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Consider the diagram Z defined by e i; e . Then for F : Z — C and let
b

f =F(a) and g = F(b). Then we define the coequalizer, denoted by coker(f, g)
as h_r)nF . Similarly we define the equalizer, denoted by ker(f, g), as h(_mF .

Let’s explain what this is in more details. A functor F : Z — C is the same as two
arrows f : A— B and g : A — B. Then, the universal property of ker(f, g) is given by
the following diagram

. L
3 -
k-’ ¢l ;

ker(f,g) — A ) B

That is, the two compositions
(kerr,) > 45 B) = (ker(f,) > 45)

are equal, and whenever we have L. — B and L 2, A that makes the triangle commutes,
the arrow L — B actually factor through ker(f, g). The case for coker(f, g) is just flip
all the arrows, and hence left as an exercise.

Example 5.13

Let C = (Set) be the category of sets and f,g : X — Y. Then
ker(f,g) ={x €X: f(x) = g(x)}
coker(f,g) =Y/~

where the equivalence relation ~ is generated by f(x) ~ g(x).

Lemma 5.14

Let f,g : X —> Y. If ker(f, g) exists, then ker(f,g) — X is a monomorphism. If
coker(f, g) exists, then Y — coker(f, g) is a epimorphism.

Here recall we say f : X — Y is monomorphism if f* : Hom(Z,X) — Hom(Z,Y) is
injective for all objects Z, and f is epimorphism if f, : Hom(Y,Z) — Hom(X, Z) is
injective for all objects Z.

Definition 5.15

Consider the diagram Z defined by e <—— e —— e . Then we define:

1. the pullback (or fibered product) as h(_mF where F : 7° — C is given by
X — Z « Y, and we denote this by X x, Y
2. the pushout (or fibered coproduct) as h_n)qF where F : 7 — C is given by

X < Z — Y, and we denote thisby X[ [, ¥
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As usual, we record the universal property of fibered product (and pushout is just
flip all the arrows): the pullback satisfies

L\
\
Bl
Xx,Y X

I

Y —

N

N —

We often denote the pullback diagram by
X%, Y —

X
I o |
N VA
and for pushout we replace O by B

Example 5.16

Consider Aé and the group Aut(Aé). This has some subgroups, such as L, which
consists of linear automorphisms, and T, which consists of the automorphisms
(x,¥)— (x+p(y),y). Let A= LNT, then a theorem says Aut(Aé) is the pushout
in (Grp) of L« A—T.

Example 5.17

Consider the Seifert-Van Kampen theorem. Say we have pointed topological
spaces X, Y with a common point x. This is the same as saying we have XNY = A
and we have inclusion (X, x) « (A,x) — (Y, x). In particular if we take colimit
and then fundamental group, then Seifert-Van Kampen says this is the same as
the colimit of fundamental group. That is, we have

my(Hm(X — A= V) 2 Hm(m(X — A= V) = m,(X) 00 T (Y)

Right, so we talked about limits and colimits, but in general we do not have a very
nice description of them. Thus we consider filtered limits instead.

Let A be a directed set with <, i.e. we have x < x,x < y < g and upper bound
of x,y. Then let C be a category, then consider the category consists of {C;},c, and
morphisms being (f;; : C; = C;);»j, where f;; 0 f; = f; and f;; =1d. Then, the limit
@Ci, if it exists, is called the projective limit of the projective system.

Example 5.18

Consider the projections 7, : Z/p"Z — Z/p™ 'Z and the projective system
. > Z/p"Z —Z/p" 2 — ... - Z/pZ

Then the projective limit of the system on N formed by < is Z,,, the p-adic integers.
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How can we describe this in another way? Well, we know
o
z,<| |z/pz
n=1

where (x1, x5, ...) € Z, if and only if 7,(x,) = x;, 73(x3) = X5, w4(x,) = x3 and
SO on.

Example 5.19

The next example we consider is the profinite groups. The setup is again a di-
rected set A and {G;},c, with G; finite groups. We work with the category C,
compact Hausdorff topological groups. Assume we have a projective system, then
G = lim G, is called a profinite group. Explicitly, G ={(8)ien : Vi = j, fij(g) =
g;}. Since G, is finite we can give this the discrete topology, and its going to be

compact as its fintie. Thus the projective limit G is compact Hausdorff totally
disconnected group.

Theorem 5.20: RAPL

Let F : C — D be the left adjoint to G. Ifli(_mDi exists in D, then h(_m GD; exists in C
and lim GD; = G(lim D;).
— —

To prove this, we need to develop some theory.

First, recall that by Yoneda we can embed any C into the category of functors. We
now denote those by
C" := Fun(C°®®, (Sets))

C¥ = Fun(C°, (Sets)°*?) = Fun(C, (Sets))°*®

Then Yoneda lemma says that, for S € C and A € C", the map
Homy(hg,A) — A(S)
¢
(Hom(-,8) 5 A()) — 5(1dy)

is bijective, and it gives an isomorphism of functors Homgx(ho(+),:) — ev”, where
ev" : (C°P?) x C" — (Sets) is given by (S,A) — A(S), and h, : C — C”" sends S to
h% = Hom(-, S).

Now here comes one nice application of Yoneda lemma: given category C, even a
limit @F does not exists in C, once we embed C into C" or CY, it always exists (to be
exact, all small limits exists). This is the following proposition:

Proposition 5.21

Let T be a small category, then the limit of the diagram F : T — C" is given by the
object “lim"F € Oobj(Ch)

“li_r)n”F 1S — li_r)n(F(S))
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f li_m)F(f)
(T i s) — [ lim F(S) =— lim F(T)
— —

together with natural transformation F(j)(-) — h_r)nF (:), where j € Obj(Z) and
li_r)nF (f) is the natural one. Similarly the limit of G : Z°?? — C" is given by “li(_m”G :
S— li(_m(G(S)) and so on.

Proof. The trick is point by point reduce to the case of sets. We only explain F : Z — C"
and leave G : Z°°? — (" for the readers. Consider the universal property of colimits,
i.e. we get

70 5 F()
limF
_)
2
3
L

where L € C" and a bunch of arrows F(i) — L. For every object S € C, since h_r)n exists
in (Sets), we know there exists unique ¢ (S) such that the diagram

F(i)(S) — LimF(S)

is commutative for all i € Z. Now it remains to prove those ¢(-) can be glued into

“li_r)n”F 4, L. Let f : T — S be any arrow in C, let’s now treat L(S) as the constant
functor A(L(S)) : Z — (Sets). Its easy to see li_r)nA(L(S)) = L(S). A similar claim
holds for L(T). Thus, we see for every i € Z, the following diagram

F(i)(S) 22 F(i)(T)

! |

L(S) — L(T)

commutes. In particular, by naturality of colimits and the commutative of above dia-

gram, we conclude
1i_m> F(f)
limF(S) —— lim F(T)
— —

\L¢(S) l}b(S)

L(S) — L(T)

is commutative. But this is the same as saying ¢ is functorial, and we are done.

2
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In particular, by the above result, we can translate the existence problem of limits
and colimits into representability problem of functors, and this is what the following
proposition says. Before we start, let h. : C — C” be the functor S — Hom,(+,S) and
ke : C — CY be given by S — Hom,(S, -).

Proposition 5.22

Let Z be a small category. Use k. and h, we can embed C as subcategory of C¥ and
C", respectively.

1. The functor F : T — C has a colimit if and only if the functor “li_r)n”F eC’
is representable; given the limit of F is the same as giving object h_r)nF eC
together with an isomorphism kc(li_n)lF )— “li_l‘I)l”F .

2. The functor G : Z°°? — C has a limit if and only if “li(_rn”G e C is repre-
sentable; given the limit of G is the same as giving object li(_mG € C together

with isomorphism hc(li<_m G) > “h(_m”G.

Thus, the property of limits is characterized by
Homg(lim F, -) — lim Hom(F (i), -) = “lim "F
Home(-, lim G) = limHome(+, G(i)) = “lim G

Proof. We first consider colimit. The universal property of colimit can be re-interpreted
as the following: to give the colimit of F is the same as to give object li_l‘l)lF together

with arrows ¢, : F(i) — h_r)nF , so that the morphism between functors

. = . 5 . . (1% P4 ”
ke(lim F) <—> Homc(limF,-) —— lim Homc(F(i),-) ¢=— “lim”F

fr———f =fot)ies

is an isomorphism. Conversely, any isomorphism & : kc(li_r)n F) > “li_r)n”F can be
induced by a family of arrows ¢, : F(i) — h_n)1 F. We can see this by Yoneda embedding.
This concludes the proof, as the case for h(_m is similar.
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Now we can start to describe the relation between limits and functors. Let T :
C; — C, be a functor, I a small category. By Proposition 5.22, we see the existence
of limit is the same as representability of “li_n‘)l”F or “li(_m”G. Thus let’s now consider
what’s the image of limits in C; under F.

First let F : I — C; and suppose the colimit h_r)nF exists. Then by Proposition 5.22
we see the “lim”TF € C, is the limit of TF. By universal property, we see for every
—>
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¢
i—jinl, we get
TF(¢)

TF(i) > TF(j)
“Uim”TF
T(F()—lim F) - T(F ()~ lim F)
1
TlimF
—

and hence an arrow “lim”TF — T lim F. We also get an arrow T lim G — “lim”TG in
— = — —
C;, where G : I°?? — C,, if we just flip all the arrows above.

Definition 5.23

Let T,F, G be as above, and assume the limits of F and G exists. Then we say:
1. T preserves limF, if “lim”(TF) — T(lim F)
— — —

2. T preserves lim G, if T(lim G) = “lim”(TG)
— — —

Now we are ready to prove RAPL, and in fact, also left adjoint preserves colimit:

Theorem 5.24

Consider adjoint pair (F, G, ¢) where F : C; = C, and G : C, — C;. Then F preserves
el h_r)n and G preserves all li(_m, if the limit exists and its small limit.

Proof. By duality of limit and colimit, we only need to show G preserves h(_m Consider
p : I°°®* — C, and assume li(_m/3 exists. Then, by Proposition 5.21, Proposition 5.21
and functoriality of ¢, we have isomorphisms in C;'

Hom,, (-, G(@[j)) EAN Homg, (F(-), li(_mﬁ)
= lim Homg, (F ("), B (1))
= limHome, (-, GB(i))
= “lim”"Gp

It remains to verify the arrows in Definition 5.23 are isomorphisms. This is a standard
exercise, but we do it anyway. For any j € I we let the projection be p; : h(_m B — BG),
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then we have commutative diagram

(Gpj)*

Home, (, G(lim B)) — =5 Hom, (-, GB()))

! I

Homg, (F(-),lim ) —— Homg, (F(-), 8(j))

:1 1:

lim Home, (F(-), B(i)) ——* Home, (F(-), B(j))

l I

lim Homg, (-, G (1)) —— Homg, (, GA()))

where:

¢ the first and third square commutes by functoriality of ¢

* the composition of the vertical arrows on the right is the identity

* the composition of the vertical arrows on the left is the isomorphism we obtained
from the above computation

This concludes the isomorphism Gli(_m/} — “li(_m”Gﬂ and the morphism GliLnﬁ —
“ @”Gﬁ in Definition 5.23 are characterized by the same family of commutative dia-
grams. This concludes the proof.
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Of course we can ask to what extend does the converse holds? In general, this is
not true, but in special cases we get the converse.

Definition 5.25

Let C be locally small, then we say C € C is a cogenerator if the functor h® :
C°PP — (Sets) is faithful.

Definition 5.26

Let C be a locally small category, then we say C has a small cogenerating set, if
there is a set {C,},;, such that h® are jointly faithful.

Theorem 5.27: Special Adjoint Functor Theorem

Let D be concrete with all limit exists, has a small cogenerating set, G : D — C with
C locally small. If G preserves limit. Then G has a left adjoint.

Now we talk about completeness for categories.
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Definition 5.28

A category C is complete if for all small categories I and all diagrams F : I — C,
the limit liilF exists. Similarly we say C is cocomplete if for all small I and
diagram F : I°’® — C, the colimit ll_l‘)l‘lF exists.

Theorem 5.29: Freyd

A small category C is complete if and only if its induced by a partially ordered set
(P, <), such that every subset has least lower bound.

Proof. Assume C is complete. Assume we have distinct morphisms f,g : X —» Y inC,
then for small set I we can construct [ [.., ¥, and hence Hom.(X,[ [.; Y) 2 {f, g}
Take |I| = | Mor(C)| and use the fact |[X| < |PowerSet(X )| we see C must be a partially
ordered set. On the other hand, we see the limits in partially ordered set is just least
lower bound, and hence we are done.

>4
Theorem 5.30

Let I be a small category and C a category.

1. If for all subsets J € Mor(I) and all family of objects (X;);e; the product
]_[].EJ X; exists, and for all f,g : X — Y the kernel ker(f, g) exists, then all
limits indexed by I exists in C.

2. If for all subsets J € Mor(I) and (X;) e, the coproduct [ | jes X exists, and for
all f,g : X — Y the cokernel coker(f, g) exists, then all colimits indexed by I
exists in C.

Proof. Those two claims are dual to each other, hence we only prove the case for 121

Consider 3 : I°°’? — C. For morphism o :i — j in I, recall we have the target and
source morphisms s(o) =i and t(o) = j. Construct [ [,., (i) and ]_[aeMorU) B(s(o)).
For every o € Mor(I) define a pair of morphisms

ps(o)

L
[T B B(s(o))

m%‘

B(t(o))

Thus from universal property of products we get morphisms

f
l_.[iel /‘J)(l) ? l_[oeMor(I) /5(5(0-))
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. We claim the following data defines our desirede 121 p:

ker(f, &), (qj ker(f,8) - | | B(D) - /J’(J')) (Eq. 5.1)

iel

We know the limit and colimit in sets, thus by Proposition 5.21 we know the functor
“yLn”/j is equivalent to

li(_mHomc(-,/s(i))=ker(1_[Homc(-,/3(i)): [ Homc(-,/s(s(a))))

i€l o€Mor(I)

= HomC(') ker(f) g))

This means “yLn”ﬂ is representable. In particular, by definition of q; we know when
we take projection of li(_mHom(-,ﬁ(i)) — Hom(-, (j)) is the same as taking q;, :
Hom(-, ker(f, g)) — Hom(-, 8(j)). Now apply Proposition 5.22 we conclude the proof.

24

Corollary 5.30.1

A category is complete if and only if all equalizers and small products exists, and its
cocomplete if and only if all coequalizers and small coproducts exists.

6 Flat, Projective&Injective Modules

Now we consider some application of those results. From now on until we mentioned
it next time, we will assume R is commutative ring.

Example 6.1

Note PSL,(Z) = SL,(Z)/{£I} = Z/2Z ]_[(Grp) 7./3Z is the free product of Z/27Z
with Z/3Z. In particular, PSL,(Z)/[PSL,(Z),PSL,(Z)] has index 6, and we can
see this as follows. Consider the abelianization functor A : (Grp) — (Ab), which
is a left adjoint and it preserves colimits. Thus we see

A(PSLy(2)) 2 A(z/22. | | 2/32)
(Grp)

=Az/22)| [Az/32)

(ab)
=7/27.87/3Z

Next, we have some right exact functors:
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Example 6.2

Consider the tensor product functor (- ® M) : (R-Mod) — (R-Mod). This functor
is right exact. This is because given A - B — C — 0, this is the same as the

cokernel of A= B with two arrows being A— B and A N B (i.e. WLOG C can be
taken to be B/Im(A)). Thus because (- ® M) preserves colimit, we conclude

A®RM - B®®M - CQ®M — 0

In particular we also see (-® M ) commutes with direct sum (since its a coproduct),
i.e. we get (®A;)) @M = &(A; ® M).

Example 6.3

Now take the hom functor Homgz(M, -), and this is left exact, because kernel is a
limit. Similarly we get Homg(M, [ [A;) = [ [, Hom(M,A;) because product is a
limit.

Note the tensor in general is not left exact, and if this is the case, when we give it
a name:

Definition 6.4
We say a R-module M is flat if (- ® M) is an exact functor.

Example 6.5

1. Qis a flat Z-module
2. R is always flat over itself, more generally, R, is always flat as R-module,
where p € SpecR.

Definition 6.6

We say R-module M is faithfully flat if 0 - A— B — C — 0 is exact if and only
if0 > M®A—>M®B—M®C — 0 is exact.

Example 6.7

Q is not faithfully flat. To see this, let A be a finite torsion abelian group. Then
A®, Q =0. Indeed, Z/nZ ®, Q = 0 because [a] ® % =[a]® % =[nal® % =0
for all [a] € Z/nZ and b/c € Q. But then any finite abelian group is given by

A= Pz/nz

for some n;, and thus A®, Q = 0. At this point, consider an sequence of finite
abelian groups 0 - A — B — C — 0 that is not exact, and tensor with Q we get
0 — 0 — 0 — 0 — 0 which has to be exact. This shows Q is not faithfully flat.
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Example 6.8

The covariant hom functor is not always right exact. Indeed, consider Z 5
7./2Z — 0 and M = Z/2Z, then we get

Hom,(Z/27Z,7Z) — Hom(Z/27Z,7./27)

is the same as 0 — Z/27Z which cannot be exact.

A natural question to ask is when Homg(P,—) is exact. We need A LB >o0is
exact, which implies Hom(P,A) — Hom(P,B) — 0 must be exact, where (¢ : P —
A) — (f o1p). This means that, whenever we have exact sequence A — B — 0 and
a arrow P — B, there must exists an unique arrow P — A that makes the following
diagram commute:

Definition 6.9
An R-module is projective if Hom(P,-) is exact.

We note the universal property of projective modules is the passage above the defini-
tion. As an immediate corollary, we see if {P;} is a family of projective modules, then
P P, is projective. Also, by the example above we see Z/27Z cannot be projective.

On the other hand, we have two contravariant hom functor Homg(-, M). Namely,
Homg(:, M), : (R-Mod) — (R-Mod)°?

Homg(+, M), : (R-Mod)°** — (R-Mod)

The first hom functor is left adjoint and the second one is right exact.

Definition 6.10
An R-module I is injective if Hom(—, I), is exact.
Well, when is this happening? Let 0 = N LN M be exact, then

Hom(M,I) —» Hom(N,I) — 0

under the map ¢ — 1 o f is exact. Well, this is the same as saying, we have the
following diagram
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At this point, we will no longer consider commutative ring R, but instead general
associative ring R with a 1.

In this case, we have (R-Mod), (Mod-R) and (S-Mod-R), which are the left, right
R-modules and (S, R)-bimodules, respectively (bimodules meanss-m-r =(sm) -r =
s-(m-r)). In particular, we have (R-Mod-Z) = (R-Mod) and similarly (Z-Mod-R) =
(Mod-R).

Now we first define tensor product for non-commutative rings.

Let M € (S-Mod-R) and N € (R-Mod-T), then we will define M ®, N € (S-Mod-T),
as follows: M ®; N is the free Z-module on all symbols e, ,) withm € M and n € N,
subject to the equivalence relation generated by

@

e(m1+m2,n) — eml:n ~ “my,n

(< e (&

mn+n,  “mny m,ny

e (&

mr,n ~ “m,rn

with m,m; € M,n,n; € N and r €R.

This still has the desired universal property that

MxN ——

P
//H
L

M ®; N
where M x N — P is R-bilinear and M x N — M ®; N is given by (m,n) — m® n.

Example 6.11

Let R = M,(C) and V = {[Z] :a,b € C}. Then V is (R,C)-bimodule. Also let

= {[c d] : ¢,d € C}. Then W is (C,R)-bimodule. One can in fact compute
W e,V =C.

Just like tensor product, if R is not commutative, then the Hom also run into prob-
lem. Let’s say fMg and yN;, where we use y My to mean M is left X-module and right
Y-module. Then we see

Hom(R_Mod)(M,N) & (S'MOd'T)
The structure is given by the following: let ¢ € Homg yoa)(M,N), then

(s-¢-0)(m):=p(m-s)-t

Now we describe the tensor hom adjunction. Suppose we have (Mg, RNy and ¢P;.
Then we want to capture the isomorhpism PM*N = (PM)N Thus, what we want is

Hom(M ® N, P) = Hom(N, Hom(M, P))
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Let’s figure out what the categories are. Well, M ®; N is (S, T)-module, and P is
(S, U)-module. Hence, what we want is Homg_y;oq)(M ® N, P). On the other hand, N
is (R, T)-module and Hom(M, P) is (R, U)-module, which shows we want

Hom g yoq) (N, Homg poqy (M, P))
Overall, the isomorphism is a (T, U)-bimodule morphism.

Then we get back to the flat, projective and injective modules. First, we say P is
projective if Homg(P,-) is exact, if P € (R-Mod).

Proposition 6.12

The following are equivalent:

1. P is projective
2. all short exact sequence 0 - A — B — P — 0 splits
3. there is Q such that P & Q = R® where I is some index set.

Proposition 6.13

1. If R is a commutative local ring, then f.g. projective modules are free. In fact,

all projective module over commutative local ring is free.

If R is commutative PID, then projective modules are free.

3. If R is commutative Noetherian with SpecR is connected (i.e. 0,1 are the only
idempotents), then every non-f.g. projective module is free.

B

Definition 6.14

A projective R-module P is stably free if there exists a € N, such that P & R? is
free.

Remark 6.15: Eilenberg Swindle
Suppose P & Q = F with F free. Then we can do
PoQ)@e(PoQ)®...=FoF®..
where
PoQ)e(PeQ)d...=ZPd(QoP)d(Qe®P)..=ZPod(FoF®..)
where at the end, €D F is free.
Example 6.16: Swan’s Example

We will construct something thats projective stably free but not free.

We will construct P to be a projective stably free rank 2 module over

A=R[X,Y,Z]/(1-X*-Y?*—-Z?)
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suchthat P@ A= A% and P £ A% Set] = (1—X?>—Y?—27?) and let x, y,z be
the image of X,Y,Z in 4, i.e. R =R[x, y,z] such that x> + y? + 22 = 1. Consider
¢ : A> > A given by (a,b,c) — ax + by + cz. Observe since x*+ y? +2z%> =1
we see (ux,uy,uz) — u under ¢. This makes A projective because its free. Now
consider

0—kerp -A>—>A—0

This splits and so P := ker ¢ is stably free, as P ® A = A°.

We claim P is not free. To show this, it suffices to show Q := P ®, S is not
free, where A — S := C(S?;R) is the embedding of the polynomial real valued
functions on the 2-sphere S? into all continuous real valued functions on 2-sphere.
Because 0 — P — A®> — A — 0 splits, we see

0-Q—S*—>S—0

splits by the map a, which sends (aaa—x, ba%, c%) —ax+by+cz.

Now we invoke the following theorem: if X is compact Hausdorff, then the
category of fintie rank real vector bundles of X is equivalent to the category of
fintie rank projective C(X; R)-modules. The equivalence is given by & — I'(X, &).
Under this equivalence, we see the above sequence becomes

%, %, J «a
0T 20—00—&0——>0—0
B dx y 0z -

of vector bundles over S?, where & is the trivial vector bundle. However, this is
exactly the short exact sequence that defines the tangent bundle on S?. Thus we
see Q is free over S if and only if the tangent bundle on S is trivial. But by Hairy
Ball theorem we see that the tangent bundle on S* does not admit any nowhere
vanishing section, i.e. its not trivial.

Next, we will work towards Lazard theorem, which says flat R-modules is the same
as filtered limits of free modules. In practice, this is very nice because it means we can
reduce to the free case when we look at properties for flat modules.

First, we will need to generalize the notion of filtered limits.

Definition 6.17
A category B is filtered if every finite subcategory has a cocone.

This really means that when we have a finite set of objects {By, ..., B}, then we can
find B with B; — B, and whenever we have f, g : B; — B, we get a diagram

f
Bl?BZ—>B

When we take a colimit of a filtered category, this is really like taking a filtered colimit.
Indeed, if {M,} is a filtered subcategory of R-modules, then

h_n}Mi = ]_[Mi/ ~
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where m; € M; and m; € M; are equivalent iffwe can find f : M; > M and g : M; > M
such that f(m;) = g(m;). This is obviously an equivalence relation. Also, we see this
is R-module, where we define [m; +m;] by [ f;,(m;)+ f;(m;)], where m; € M;, m; € M,,
and the f;, f; exists by the definition of filtered category. You should check this is
well-defined.

We now proceed to prove the following result:

Theorem 6.18: Govorov-Lazard
An A-module M is flat iff M is a filtered colimit of finite rank free A-modules.

Here the filtered/direct colimit assumption is necessary. If G is the colimit of the
diagram

7 23 7

e

Z

Then G = Z3/((1,0,—2),(1,—2,0)) has torsion, and thus cannot be flat Z-module.
Indeed. observe

2(1: _15_1) = (1)01 _2) + (1: _2’ 0) =0
but (1,—1,—1) # O since if

(1,—1,—1)=a(1,0,—2) + b(1,—2,0)
for some a, b € Z, then 1 = 2a = 2b, which is impossible.

Lemma 6.19

Let M be R-module. The following are equivalent:

1. M is flat over R

2. for every injection of R-modules N € N’, the map N @, M — N’ ®, M is
injective

3. for every ideal I CR the map I ®; M — R ®, M = M is injective

4. for every finitely generated ideal I of R, the map I ®, M — R®y M = M is
injective

Proof. It suffices to show (4) = (1). Say N; — N, — Nj is exact. Let K = ker(N, — N;)
and Q =im(N, — N;). Then we get maps

Ni®;M —->K®& M >N, @, M > Q& M — N, ®; M

Observe the first and third arrow are surjective. Thus if we show the second and
fourth are injective, then we are done. Indeed, assume the second and fourth arrows
are injective, then sicne tensor is right exact, let’s tensor K - N, - Q — 0 by M and
we get

KM —->N,®M —-Q®M —0

is exact. Thus ker(N,® M - Q® M) =im(K® M — N, ® M). Since im(K ® M —
N,®M) =im(N,®M — N,®M) (by surjectivity of N;® M — K®M) and ker(N,® M —
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Q® M) = ker(N, ® M — N; ® M) (by injectivity of Q ® M — N; ® M), this becomes
ker(N, ® M — N; ® M) = im(N; ® M — N, ® M), which shows the functor —®; M is
exact, i.e. M is flat.

Thus, it suffices to show the second and fourth arrows are injective. Hence, it
suffices to show —®; M transforms injective R-modules maps into injective R-module
maps.

Assume K — N is injective R-module map and x € ker(K® M — N ® M). We have
to show x is zero. The R-module K is the union of its finite R-submodules; hence,
K ® M is the colimit of R-modules of the form K; ® M where K; runs over all finite
R-submodules of K (because tensor product commutes with colimits). Thus, for some
i our x comes from an element x; € K;® M. Thus we may assume K is finite R-module,
and thus regard the injection K — N as an inclusion, i.e. K € N.

The R-module N is the union of its finite R-submodules that contains K. Hence,
N ®M is the colimit of R-modules of the form N; ® M where N; are fintie submodules of
N that contains K. This is a colimit over a directed system, hence we see the element
x € K ® M maps to zero in at least one of these R-modules N; ® M (since x maps to
zero in N ® M). Thus we may assume N is finite R-module.

Assume N is finite. Write N =R®"/L and K = L’/L for some L C L’ C R®. For any
R-submodule G € R®", we have a canonical map G® M — M®" obtained by composign
G®M — R"®M = M®". It suffices to prove L& M — M®" and L'®@ M — M®" are
injective. Indeed, if those two are injective, then

KOM=L"®M/L®M — M®*"/L®M
is also injective.

Thus, it suffices to show that L ® M — M®" is injective when L € R®" is an R-
submodule. We do this by induction on n. The base case n = 1 we handle below.
Let us do the induction step first. Assume n > 1 and set L’ = L NR @& 0°""V. Then
L” = L/L’ is a submodule of R®™~1, We obtain a diagram

L'®M —> LM ——> L"®M ——> 0

| ! |

0 > Wi > MGBn } M@n—l

By induction and base case the left and right vertical arrows are injective. The row is
exact. Thus the middle vertical arrow is injective as well, and we are done.

It remains to show the base case. Let L C R be R-submodule, i.e. L = I for some
ideal I, and we have to show I ®; M — M is injective for any ideal I of R. We konw
this is true when I is finitely generated. But I = [ JI, is a union of f.g. ideals I, and
sol = h'_r)nIa. But ® commutes with colimits, and all I, ® M — M are injective by
assumption, we are done.
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Lemma 6.20: Equational Criterion For Flatness

M is a flat A-module iff any relation Z?:lfimi =0, f; €A m; € M is trividl, i.e.
we can find m;. € M and a;; € A such that

— / e
m; = E a;m; and E a;;f;=0
i

J

. n . . .
In other word, we can write 0 = 21:1 fim; using zero coefficients,

Z(Zagﬁ-)m}:ZO-mgzo

Jj i

Proof. (=): Suppose M is flat, > f;m; = 0 in M, and let I = (f;); € A be the ideal
generated by the coefficients. The exact sequence 0 — I — A remains exact after
tensoring with M, so >, fi®@m; =0inI®M. If ¢ : A" — [ is defined by ¢(a;, ...,a,) =
Y. a;f; and K isits kernel, the then exact sequence 0 — K — A" 4, I — O remains exact
after tensoring with M, so thereis >, k;®m/ in K®M such that >} k;®m/ = >} e;®m;
(where {e;} is the standard basis for A"), since (¢ ® 1)(D..e; ® m;) = 0. Each k; can
be expressed as k; = D a;;e; so that

Zei®(2aijm;) =Zei®mi EA'QM =M"

i j i
and m; = Z]. aijm;. (the first condition above). Also, k; € K = ker(¢) so ¢(k;) =0 =
>.q ;fi (the second condition above). This proves the (=) direction.

(«<): Suppose every relation in M is trivial. Let I — Abe the inclusion of a finitely
generated ideal. Recall flatness of M is equivalent to injectivity of [ ® M — A® M for
any such I. If . ® 1)(3., f; ® m;) =0 € A® M then ), f;m; is a relation in M, hence
trivial. Using the notation of the previous lemma, we have

Zfi ® m; :Zfi ® (Zaijm;) ZZ(Zfiaij) ®m;. =)
i i i AN

and ¢ ® 1 is injective.
Corollary 6.20.1

M is a flat A-module iff whenever given a map f : A" — M and a finitely generated
N < ker(f), there is a factorization

Y/ LIN
f

=

]

=
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with F a finite rank free A-module and N < ker(h).

Proof. If N is generated by one element x = (f;);, f (x) = >, fym; = 0, then M is flat iff
this relation is trivial m; = >, ;@i jm;., ;@;;f; = 0, by the above Lemma. Take F =A™,
h(ay,...,a,) = Zi,j a;;a;e; where {e;} is the standard basis, and g(ay, ..., a,,) = Zj aim;.
Then we see

h(fla "':fn) = Zaijfiej =0

i,j
(goh)ay,...,a,) =g (Z aijaiej) = Zaijaim;‘ = Zaimi = f(ay, ..., a,)
L,j i,j i

Now if N = N’ + Ax’ and A" 25 F’ 5 M factors f with N’ < ker(h’), then we can find
F, h"” and g with h’(x) € ker(h") such that the following commutes

h/ hll

> F’ > F

M

Taking h = h” o h’ we have N < ker(h) and f = goh.

An

Next, recall that given filtered systems {M/}, {M;} and {M’}, and arrows f; : M/ —
M;, g; : M; — M/, if all the sequences
M/ — M; — M/’

are exact then
lim M/ — lim M; — lim M/
— L — — L

is also exact.

Definition 6.21

An induced sub-poset (J, <) of (I, <) is cofinal in (I, <) if for any i € I, there is
jE€Jsoi <.

Lemma 6.22

If J is cofinal in the directed poset I and {M;} is a directed system of A-modules, then

— —
i€l jeJ

Lemma 6.23

Every A-module M is a filtered colimit of finitely presented A-modules.
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Proof. Take an exact sequence 0 > K — Al - M — 0 and let
A:={(J,N):J CI finite, N CKNA’ f.g.}
partially ordered by (J',N’) < (J,N) if J'CJ and N’ C N. For A = (J,N) define
M, =A’/N

One checks this is a filtered system, and we have h : li_r)n)L M, — M. This is what we
want.

O
3:f
Now we are ready to prove Lazard’s theorem.

Proof of Theorem 6.18. Suppose M is flat A-module. Consider I = M x Z in the aboce

lemma, and A’ LM by 1(,,,) — m (the generator of the ith coordinate gets mapped
to the projection of i = (m,v) onto M). Let A = (J,N) € A with J C I a finite set and

N < ker(f)nA’ af.g. module, then by the Corollary 6.20.1, the map M, :=A’ /N = M
factors through a finite rank free A-module F

R
M,>F5M, h:A>F

such that g, = g o h. We now realize this F as M,, for some A < u, giving a cofinal
subset of A consisting of finite rank free A-modules.

Let {b4, ..., b, } be a basis for F and choose iy,...,i, € I such that i, ¢ J and

q(1;,)=g(b), q :Al—>M, gF->M

/ h
This is possible since I is M times Z. Let J' =J U {ij, ...,i,} and define a map A" — F
extending h and mapping 1; to b;, with kernel N’. The following diagram commutes

A s p

Lol

Al Ly m

so N’ < ker(q). The top arrow splits as its a surjection to free objects. Thus A’ = N'®F
and N’ is f.g. as well. Thus u = (J’,N’) € A and A < u. Thus we see M is indeed the
filtered colimit of finite rank free modules, as desired.
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7 Abelian Category

Abelian categories should be something similar to the category of R-modules.
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Definition 7.1
A preadditive category C is one where each Hom-set is an abelian group.

In particular, given preadditive category, we should have 0, € Hom(A,B). Next,

suppose we have A LNy R C, then we want the composition map (f,g) — f o g to
be Z-linear. That is, we want (f, g, + ng,) — f o(g; +ng,) = f o g, +nf o g, for
non-negative integer n > 0. Similarly we want (f; + nf,)og=f,0g+nf,0g.

Definition 7.2

A additive category is a preadditive category where all (includes empty) finite
products and coproducts exists.

In fact, we will see, in an additive category, since we have empty product and
coproduct, we have initial and terminal objects. In particular, the initial and terminal
object will be isomorphic, and we just call it the O object.

Indeed, let I be initial and T be terminal, then we have

Ala Orr
I—T—1
where 07 exists as the category is preadditive. However, since we have unique I — I,
i.e. the Id;, this means Id; = 0;; = Op; o a, i.e. 0;; = Id;. However, a must be 0, ;.
Similarly we see Oy = Id;. Thus we see 0;; 0 0;; = Id; and O;; 00, ; = Id; and
I = T. This in fact is true for a more general setting.

Theorem 7.3

Let C be an additive category. Then

[ [m=] [m
i=1 =1l

Proof. We have the following diagram

LI

where the jth composition is given by (m;)!_, — m; — (O0,...,m;,...,0). We claim
0 :=>, iom : [[M; = [ M, is an isomorphism.
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We need to produce a map v : | [M; — [ [ M;. However, we have cocone

Thus we can find unique S : | [ M; — M,, such that

1d,, ifj=k

O, v, otherwise

ﬁkoij:5ik 3:{

where 6. is the Kronecker delta. We can revert all the arrows in the above diagram,
and we can get v, : M, — [ [ M, such that

T 0 Yk = Ok

Define
Y= Z Tk © Br
k

It remains to prove 6 and 1 are inverse of each other. Will,
YPob :ZYkO(ﬂkoil)oﬂl :ZYko(‘Sk,l)oTcl :ZYkoﬂ:k :Iani
kL kL k=1

where ZZZI Yk © T = Id[qy, is obtained by using universal property of product.

Definition 7.4
Let C be a additive category, and f : A— B an arrow in C, then we define

ker(f) := Eq(f,0)

f
to be the equalizer of the diagram A :; B . Dually, we define the cokernel
(0]

g
of g : B — C be the coequalizer of B :; C .
(0]

Definition 7.5

A preabelian category is an additive category where all kernels and cokernels
exists.
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Equivalently, preabelian category is additive category where all finite limits and
colimits exists.

Next, recall mono and epi morphisms are defined as follows: we say f : A— B is
monomorphism if whenever we have

h
ch::;A—Hs

with fh,; = fh, then h; = h,. Similarly, we say f : A— B is epimorphism, if whenever
we have

h
A—1sB—=c
hy
with h,f = h,f then h; = h,.
Clearly mono does not imply injection, and epi does not imply surjection.

Example 7.6
In the category of Hausdorff topological space, the inclusion Q) — R is not onto but
epimorphism. On the other hand, in the category of commutative rings, Z — Q

is both epi and mono.

In a concrete category, injection implies mono and surjection implies epi. This is
because this is true in (Sets), as one should check.

Remark 7.7

Let f : A — B, then it is mono if and only if @(A ERN B L A) exists. Dually,

f :B — Ais epi iff li_rr>1(A L B i>A) exists.

Definition 7.8

A monomorphism f : A — B is normal if it is a kernel of some diagram, i.e. we
have a (universal) diagram

f g
A—— B :; C
0
Similarly, an epimorphism g : B — C is normal if it is a cokernel of some diagram.

Definition 7.9

A abelian category is a preabelian category where all monomorphisms and epi-
morphisms are normal.
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Example 7.10

The category of abelian groups is abelian category. Indeed, say f : A — B is
mono, then we see f is the kernel of B — B/im(f). Similarly, if g : B — C is

epimorphism, then ker(g) — B £, € witness g being a cokernel.

The above example still holds when we move to (R-Mod) or (Mod-R).

Example 7.11

Let X be a topological space, and Op(X) the category of open sets by inclusion.
Then a sheaf 0 is a functor Op(X)°*® — (AbGrp), and we say (X, Oy ) is a ringed
space if Oy : Op(X)°?? — (Ring).

For example, take X = SpecR = {p : p prime ideal of R} with R integral do-
main, and Oy the structure sheaf, i.e.

Ox(U) = {Ji : f,g €R, g non-zero on U}
g

Here we say g is non-zero on U if the stalk of g at u € U is not equal O for all u.
Here, if u = p, then in fact we have the stalk at u just equal R,, the localization at
prime p.

Next, given ringed spaces (X, 0y) and (Y, 0y ), a morphism between them
will be a pair (f, f*) where f : X — Y continuous, and f* : &, — f,0x is a
natural transformation where f, 0y : Op(Y)°?® — (Ring) is given by f, Oy (V) :=
Oyx(fY(V)) for V C Y open.

More generally, given ringed space (X, 0y ), we can consider the category of
sheaves of 0y-modules. This is just globalization of modules on & (U). This is an
example of abelian category. To see this, all things are trivial. To see monomor-
phisms and epimorphisms are normal, we just note we can globalize the ker-
nel and cokernel construction, e.g. given a morphism of sheaves of &x-modules
F — ¢, we can form coker(.# — ¥¢) by taking sheafification of the presheaf
U — coker(.#(U) — 4(U)). Then mono and epi are normal follows by the fact
mono and epi in (R-Mod) are normal.

Our next topic is Mitchell’s embedding theorem. What this says is that, given .A an
abelian category, {A;}; a set of objects in .A. Then there exists a small abelian subset
A, of A that contains {A;} and an embedding .4, — (R-Mod).

This is very nice, because we can now check mono and epi for any abelian category
with ease.

Example 7.12

We claim A is an abelian category and f : A — B is both mono and epi, then f is
an isomorphism. Indeed, we can create .4, which contains A, B, and embed A, to
some (R-Mod) by fully faithful F. Then clearly in (R-Mod) we have Ff is mono
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and epi, but in (R-Mod) it is kind of obvious mono-+epi implies isomorphism.
Thus we are done.

The proof of the following result will be given in a separate section.

Theorem 7.13: Mitchell Embedding

Let A be a small abelian category. Then there is a fully faithful exact functor
F : A — (R-Mod)

for some ring R.

Here, given F : C — D. Then full functor means F is onto on the hom set for all
C,,C, € C, i.e. Hom(C,,C,) —» Hom(FC;,FC,) is surjective. On the other hand, F
is faithful meanings this map on the hom set is injective. Next, a functor between
abelian categories is exact if F is additive (meaning the map on hom sets is group
homomorphism) and maps exact sequence to exact sequence.

Its not hard to see if F is additive, then F(0;) = Op, as one should check.
Next, we ask what is exactness in an abelian category. Well,
aLsic
is exact at B if g o f = 0, and im(f) = ker(g) where im(f) := ker(coker(f)) by
definition.

What is the map
ker(coker(f)) — ker(g)

Well, note we have
A - 3% ker(coker(f))

@
A < B
4

(0] 0
e

coker(f)

~A-
@

Here we have unique arrow A — ker(coker(f)) because we have

A io; B —" coker(f)

and thus
au””
S
ker(coker(f)) — B :; coker(f)
)
where f =iou.

We remark u : A — im(f) is an epimorphism.
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Now get back to exactness, note go f =0, thus goiou=0=0ou. Since u is an
epimorphism, we see this means g oi = 0. We can see this by the cone

im(f)

[l

To use Mitchell embedding for any abelian category, we will need the following
lemma.

Lemma 7.14

Let A be an abelian category and {A;} be a set of objects of A. Then there exists a
full small abelian subcategory A, of A, such that {A;} are objects of A,.

Proof. Given X C A. Let C(X) be the full subcategory of .4 whose objects includes:

1. X
2. isomorphism class representatives of all finite limits/colimits
3. isomorphism class representatives of witnesses that monos/epis are normal

Note C(X) need not be abelian. Thus define C*(X) = C(C(X)),..., C"(X) = C(C™ (X))
and so on. Take

Ao = (D)

24

With this lemma, when we are working with {A;} C A, we can first take .4, as above,
then embed .4, into some R-modules, and be happy about it.

Remark 7.15

If A, B are abelian categories, and F : A — B is fully faithful exact, then A S Bis
mono in A if and only if F(u) is monomorphism in B. A similar claim holds for
epimorphisms.

To see this, we need a fact, which says u is mono iff ker(u) = 0 iff 0 - A 5B

is exact. Similarly we have the fact that v is epi iff coker(v) = 0 iff B 5 C—>0is
exact.

The proof is now left as an exercise.
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8 Proof of Mitchell Embedding

To prove the Mitchell embedding, we are going to first embed .4 into Pro(.A) (or dually
into Ind(.A)), then take R = End(Pro(.A))(S) where S is a set of projective generators.

To make sense of this, we first introduce Grothendieck categories.

Definition 8.1

Let £ be a category, ¥ a non-empty set in £. Then:

* We say X is a set of generators, if, for any pair of arrows f,g : x — y, if
foralls € ¥ and € : s — x we have fe = ge, then f = g. If X is a set of
generators, then we say s € X is a generator.

* We say X is a set of cogenerators, if, for any pair of arrows f,g: x — y, if
forallseXand all6: y — s, we have 6f = 6g, then f = g. If s € X with
Y a set of cogenerators, then we say s is a cogenerator.

Definition 8.2

Let X be an object of abelian category .A. Then we say X is projective if Hom(X, -) :
— (AbGrp) is an exact functor. Dually, we say X is injective if Hom(:,X) :
A°PP — (AbGrp) is an exact functor.

Proposition 8.3

Let A be abelian, X € A be injective (resp. projective). If for all T € Awith T # 0,
Hom(T,X) # 0 (resp. Hom(X, T) # 0), then X is a cogenerator (resp. generator)

Proof. We only do the injective case. If X is cogenerator, then apply the definition of

1d
cogenerator to T :T; T we get 6 € Hom(T,X) suchthat 6 =6o0ld; #600=0.

Conversely, we want to show that, if h : S — T is non-zero then there exists 6 €
Hom(T,X) such that 6h # 0. Observe we can find 6’ € Hom(im(h),X) such that

6" # 0. But by property of epimorphism we see the composition S - im(h) % x
is non-zero. Now apply the property of injective objects we see we can extend &’ to
0:T—X.

4
Definition 8.4

Let A be abelian category. Then:

1. If for all X € A, there is injective object I and monomorphism X — I, then
we say A has enough injectives.
2. If for all X € A, there is projective object P and epimorphism X — P, then
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we say A has enough projective.
Definition 8.5

Let A be abelian category, then we say 4 is a Grothendieck category if:

1. A is cocomplete
2. A has generators
3. for all filtered small category I, the functor h_r)n : Al - A is exact, i.e. for

any arrow a — f3 — y in A’ := Fun(I, A), we have
Viel,0— a(i) — B(i) — y(i) — 0 is eaxct
implies

0 —lima — limfB — limy — 0 is exact
— — —

As an immediate application we see in a Grothendieck category, for any small set
1, the functor @, : A" — A is exact.

Theorem 8.6: Grothendieck

Let A be Grothendieck category. Let T be the full subcategory of all injective objects,
let the inclusion be t : T — A. Then there is a functor F : A — T together with
¢ :1d 4 — F so that

¢x : X = F(X)

is monomorphism. Specifically, A has enough injectives.
Corollary 8.6.1
Every Grothendieck category A has injective cogenerator.

Now we move to ind and pro construction.

Definition 8.7

Let C be a category.

* If X € Obj(C") can be represented as “h'_r)n”Xi, where the index is a filtered
small category, and X; € C, then we say X is an ind-object in C.

* If X € Obj(C") can be represented as “li(_m”Xi, where the index is a filtered
small category, and X; € C, then we say X is an pro-object in C.

The collection of all ind-objects of C forms the category Ind C, and the collection of
all pro-objects form the category ProC. Clearly we have fully faithful functor C — IndC
and C — ProC. Also, by definition of C* and C, we see (Ind C)°"? = Pro(C°?). From
now on we will write ind and pro objects by “li_n)q”X ; and “li(_m”X ;-
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Lemma 8.8
Let X =“lim”X; and Y = “lim”Y; be ind-objects, then there is canonical bijection
— —

Homy40(X,Y) = liLnli_r)nHomC(Xi, Y;)
i J

Similarly for pro-objects X,Y we have

HOmProC(Xa Y) = li(_mli_n;lHOIl'lc(Xi’ Y])
J i

Example 8.9

Let k be a field, and (FinVect) be the category of finite dimensional k-vector
spaces. Then we will see

A := Ind(FinVect) = (Vect) := B

where (Vect) is the category of k-vector spaces. Indeed, define functor A — B as
follows: it maps “H_I‘)I’I”Vi toV := h_n)lvl To see this is fully faithful, observe

Homk(V: W) = lﬂlh_n‘)lHomk(‘/u VV])
Lo

Indeed, to give a linear map f : V — W is the same as to give a family of com-
pactible family of linear maps f; : V; = W, while filtered h_r)n in (Vect) says each
fi will factor through some W;.

This functor is also essentially surjective. Indeed, given vector space V, then
the set of finite dimensional subspaces V’ with inclusion relation gives a filtered
poset, and clearly li_r)an >y,

Next, we will record two results that we will use, without proof:
Theorem 8.10

Let C be abelian category, then IndC is also abelian, and C — Ind C is fully faithful
exact functor. Dually, ProC is abelian and C — ProC is fully faithful exact functor.

Theorem 8.11
If C is small abelian category, then IndC is Grothendieck category.

Now we are ready to prove the Mitchell embedding theorem.

Lemma 8.12

Let C be cocomplete abelian category with projective generators, and O € Obj(C) a
set. Then there exists projective generator S such that all X € O can be represented
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as quotient object of S.
Lemma 8.13

Let S € Obj(C) be a projective generator of abelian category C, and let R = Hom,(S, S).
This gives fully faithful functor

G :=Hom,(S,") : C = (Mod-R)

If X € Obj(C) can be represented as the direct sum of finitely many copies of S, then
the map
Hom(X,Y) — Homyo4.7)(GX, GY)

induced by G is bijective for all Y € C.

Note Risaringaswecanadd f : S — S and g : S — S since C is abelian, and we can
multiply f and g by composition.
Proof. Take m > 0 and short exact sequence

0-X -S*">X—>0

and apply G to it. Consider the diagram in (AbGrp)

0 —— Hom/(X,Y) —— Hom,(S®",Y) —— Hom.(X’,Y)

| | l

0 —— Homg(GX,GY) —— Homg(G(S®™),GY) —— Homg(GX’,GY)
(Eq. 8.1)
where all the vertical arrows are induced by fully faithful G, thus its monomorphism.
Observe
Hom(S,Y) - GY m Homg(R, GY) = Homy(GS, GY)

where the composition is equal the homomorphism induced by G. Since G is additive,
we see the middle vertical arrow in Eq. 8.1 is isomorphism. Then its not hard to see
the left vertical arrow is also isomorphism.

Theorem 8.14: Mitchell Embedding

If A is small abelian category, then there is ring R and fully faithful exact functor
F : A — (Mod-R).

Proof. Since A°PP is still small abelian, Theorem 8.11 says Ind(.A°PP) is Grothendieck
category, and hence it has an injective cogenerator, by Corollary 8.6.1. Then

Pro(.A) = Ind(A°PP)°PP
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and so we see Pro(.4) has a projective generator. Also, we see A — ProA is fully
faithful exact functor between abelian categories, and so we can view 4 as a full
subcategory of ProA.

Now apply Lemma 8.12 with O = A, we get a projective generator S of Pro(.A),
where all objects of A can be represented as quotients of S. Now consider the functor

A — Pro(A) S, (Mod-R)
G = Hompro(A)(S, ‘)) R:= HomPrOC (S)

and denote the composition to be F. Then since A — ProA and ProA 5 (Mod-R) are
all exact, we see F is exact. By Lemma 8.13 we know G is fully faithful, thus F is fully
faithful, thus we are done.

3z

9 Injective Modules, Revisit

Well, we investigated the injective and projective objects in (R-Mod), along with flat
modules. Namely, R-module I is injective if Hom(—,I), is exact (here Hom(—,I), is
the contravariant hom functor from (R-Mod) to (R-Mod)°*P), projective if Hom(I,—)
is exact, and flat if ®I is exact.

Proposition 9.1

. f g S .
Consider short exact sequence 0 - I — M — P — 0. If I is injective or P projective,
then this short exact sequence splits.

Proposition 9.2: Baer Criterion

Module I is injective if and only if for any left ideal a in R, any R-module morphism
f :a—1I can be extended to R-module morphism R — I.

Proof. (=): Injectivity says for any g : M "— M, every h : M’ — I can be extended to
h:M — 1. Now take M’ = a and M =R, and the arrow M’ — M be inclusion.

(«): Consider poset (P, <) where P consists of (M, h,), where M, satisfies M’ C
M, € M, and h; : M; — I is an extension of h. We define (M;,h;) < (M,,h,) iff
(M; € M,) and (h,|y, = hy). By standard application of Zorn’s lemma, we see P has
a maximal element. We claim if (M, h,) is maximal then we must have M; = M.

Suppose M; # M, then take x € M\M,, and define a = {r € R: rx € M;}. Then
we get

rerX hq
p:a—> M, —1I
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By assumption we can extend ¢ to ¢ : R — I. Now let h, : M, — I where M, = M, +Rx
and )
hy(xy +rx) =hy () + ¢ (r)

By definition of ¢ we see h, is well-defined, and thus (M,, h,) > (M, h;), a contradic-
tion. Thus we are done.

2

Now let us study injective and projective objects in Z-modules.

Definition 9.3
Let A be Z-module. Then A is divisible if n # 0 implies nA = A.
Lemma 9.4

An Z-module I is divisible if and only if I is injective Z-module.

Proof. Let n # 0, then we see we get

Hom,(Z, ) "=2%" Hom, (nZ, I)

;\denp(l) zlw»qs(n)

a—na
I > 1

is commutative. Because non-zero ideals of Z are given by nZ, now just apply Propo-
sition 9.2.

4
Lemma 9.5

Every Z-module A can be embedded into injective Z-module.

Proof. Represent A as Z®* /N for some index set X. Now consider embedding
Z@X /N N Q@X /N

and note Q®* /N is divisible.

Corollary 9.5.1

The category (AbGrp) has enough injectives.
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Now recall given ring R and S, left S-module N and (S, R)-bimodule P, we can give
Homs yoq)(P, N) a left R-module structure by

p(rf)=(pr)f, pEPRreR,f:P—>N

Lemma 9.6
Let R,S be rings, N € (S-Mod), P € (S-Mod-R). If N is injective S-module, P

is flat right R-module (i.e. right R-module), then Homg y,a4)(P,N) is injective left
R-module.

Proof. Ntoe we have natural isomorphism
Hom\z yod)(—> HOm s poay (B, N)) — Homyg_yoa) (P ® —, N)

where we used adjunction of hom and tensor. But the assumption says the functor on
the right is exact.

24

Theorem 9.7

Every R-module M can be embedded into injective R-module.

Proof. View M as left Z-module embedded into injective left Z-module J. View R as
(Z,R)-bimodule. Then we see Hom; y,4)(R,J) is injective by Lemma 9.6. Thus

M ———— Hom g yeq)(R, M) = Homz_y0q)(R, M) = Hom(z ye0) (R, J)

x—=(r—rx)

are all embedding of R-modules.

24

Corollary 9.7.1
Let R be a ring, then (R-Mod) has enough injectives.

From the above, we can actually extract the following lemma.

Lemma 9.8: Injective Production Lemma

Let R be commutative ring, S an R-algebra. If I is an injective R-module, then
Homg(S, I) is an injective S-module.
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Remark 9.9

We note direct product of injective modules is still injective, but direct sum of
injective modules need not be injective.

To end this section, we consider a minimal way to embed M into injective I. This
E(M) will be called injective envelope or injective hull.

Definition 9.10

Let M C E be R-modules. We say M is essential submodule if E N E, # 0 for all
submodules E, # (0) in E.

For example, Z is essential in Q.

Proposition 9.11

1. If M C E and E is injective, then we can find a minimal F C E containing M
such that M C F is essential.

2. The F above will be injective.

3. If we pick another such F’, then we get F = F’.

Example 9.12

Let M = Z/pZ for some prime p, then E(M) = Z[%]/Z.

10 Complexes

A huge portion of this and next few section are from a book by Jean Gallier in 2022
(homology, cohomology, and sheaf cohomolog

We begin with a little bit motivation on why we need cohomology/homology.

We know Hom(—, M) is not exact. We want to measure how far it is away from
being exact, and the way we do it is by (co)homology. Let us see this in action.

Let T be a group, we say M is I''module if it is an abelian group together with an
action of I' from the left. Then, we get a functor I : (I'-Mod) — (AbGrp) by sending

M—M':={meM:ym=m,Vy €T}
This functor is not left exact, i.e. given
0O—-M—->M->M'—0 (Eq. 10.1)
then we only get 0 — (M) - M" — (M")".

Now we look at why we fail to get surjection at the end. Well, if we pick m” €
(M")F, then we want to know why this is not in the image of M. Since we have Eq.
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10.1, we know for sure we can find m € M that maps to m”. The problem is we cannot
ascertain this m is T-invariant, i.e. it may not be in M".

However, what we know is that, given such m, for all y € T, the difference
m’Y :=m—ymeM’
when we view M’ as a subset of M. In other word, we get an assignment

r-m
y—>m :=m—ym

that satisfies m'y1 +ym, = m’y ., CallsuchamapI' — M " satisfying this relation a
1-cocycle. Then the set of all 1-cocycles forms an abelian group, and we denote this
by Z1(T, M").

The key observation is that our element m € M lies in M" if and only if the cocycle
m’Y = m—ym = 0. In particular, if Z*(T", M") is zero, then we know our functor M — M"
is exact at the short exact sequence Eq. 10.1. Equivalently, Z'(T', M) measures how
far away is I from left exact.

Next, we note there might be more than one element in M that maps to m”. How-
ever, all such choices will be related by an element m’ of M’. That is, m; and m, both
maps to m” iff m; = m, + m’ for some m’ € M’. In other word, to know how bad
the functor M — M" is not exact (on the left), we want to quotient Z'(I', M’) by all
the 1-cocycles y — b, for which we can find m" € M’ so b, = m" —ym’. Denote this
subgroup by B(TI', M")

Thus, at this point, we see the element m” € (M”)" defines an element in Z'(T", M"),
which is well-defined up to B}(I', M’), i.e. we get a map

M” — HYT,M"):=z(T,M")/B}T,M")

that fits into the exact sequence 0 — (M’)" — M' — (M”), and H'(T', M’) measures
whether this short exact sequence is exact or not.

Now let us move to general theory. Note by Mitchell embedding, we can assume
the abelian category we are working with will be some R-modules. The convention we
are using will be that chain complexes have indices at bottom, and maps going down,
while cochain complexes have indices at top, and maps going up.

Definition 10.1

Let A be an abelian category. We define the category (Chain)(.A) as follows:

1. objects of (Chain)(.4) will be a sequence (C,,d,),cz, Where C, € A and
d,:C,— C,_4,such that d,,; od, = O for all n. The map d,, is called the
nth differential, and an element of (Chain)(.A) is called a chain complex.

2. morphisms from (C,,d,) to (B,, b,,) are given by (f,),cz so that it makes
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the following diagram commutes:

el

dn+l n
e —> Cy s C, S Cy — ...

fn+1\L fn\L fn—l\L

cee H BT‘H']. 1> Bn > Bn—l H cee

bl'l+ le

The category of cochain complexes in 4 is defined to be the category of chain com-
plexes of AP,

Definition 10.2

Given a chain complex C, = (C,,d,) in .A, we define the ith homology object to
be

H,(C.) :=Z,(C.)/Bi(C.), where Z,(C,) :=ker(d,), B;(C,)=im(d,,,)

Similarly, we define the ith cohomology object of cochain complex (C",d"), to be
H{(C®) :=ker(d")/im(d"™ ™)
where we also use the notation Z"(C*) := ker(d") and B"(C*) :=im(d"?).

Remark 10.3

We will call the elements of Z,(A,) as n-cycles, and elements of B,(A,) as n-
boundaries. Similarly elements of Z"(A®) are called n-cocycles, and elements of
B™(A®) as n-coboundaries.

We said (Chain)(.A) is a category, but we will not check it. It is actually an abelian
category, we will also not check it. For example, its not hard to see C, ® B, = (C, &
B,,d,® b,) and so on.

Definition 10.4

A chain complex is bounded above if C, = 0 for n > 0, and bounded below if
C, =0 for n < 0. It is called bounded if it is both bounded above and bounded
below.

The situation for cochain complexes is dual to the case of chain complexes. We will
use (Chain)®(.A) to denote the bounded chain complexes, which forms an abelian
subcategory of (Chain)(.A).

Now we note the assignment H; is in fact a functor. Indeed, let f : A, — B,, then
f induces a map H;(A,) — H;(B,). Indeed, take x € ker(a,), then it maps to 0 by
a, : A, = A,_;. On the other hand, since f is a morphism of chains, we see f,(x)
must be mapped to 0 by b,,. In other word, f, : ker(a,) — ker(b,), and hence we see
ker(a,)/im(a,,,) — ker(b,)/im(b,,,) defined by [x] — [f,(x)] is well-defined. We
denote this map by H,(f) : H;(A,) — H;(B.).

Now let us work out snake lemma.
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Lemma 10.5: Snake Lemma

In (R-Mod), suppose we have

M’ > M > M" —— 0
bl
0 > N’ > N > N”

with all the rows exact. Then, we have an exact sequence

ker(d’) ———> ker(d) ———> ker(d”)
/

15}

coker(d’) ——> coker(d) —— coker(d”)

Proof: We have

ker(d") ker(d) ker(d")
]\\/I/’ > Z\\Z > I\;I/“ > 0
0N » N s N
cok;;(d’) cok:e;(d) coke\r/(d”)

We need to do a diagram chase. The exactness for the ker and coker are easy, so
we will not do it in detail. To define ker(d’) — ker(d), take m’ € ker(d’), which means
d’'(m")=0¢€ N’, and thus a(d’(m”")) = 0 € N, and thus we see d(f (m’)) = a(d’(m’)) =
0, i.e. f(m’) € ker(d). Hence, ker(d") — ker(d) is given by m’ — f(m’). The others
are similar and we wouldn’t check the exactness.

Construction 10.6

Here we define 6. Let m” € ker(d”) € M”, then since g : M — M” is surjective,
we can find m € M so that g(m) = m”. However, note d”’(m") = 0 by assumption,
thus by commutativity we must have b(d(m)) = 0 = d”(g(m)). In other word,
we see d(m) € ker(b) € N. However, ker(b) = im(a), thus we can find n’ € N’
so that a(n”) = d(m). We define 6(m”) :=n’+im(d’) € N’/ im(d") = coker(d’).

We need to show this map 6 is well-defined. To that end, if you chase through the
definition, the first place it may cause ambiguity is when we pick m € M such that

g(m)=m".

Hence, suppose g(m;) = g(m,) = m”. But then this means g(m; —m,) = 0, i.e.
m; —m, € ker(g) = im(f), hence we get m; € M’ so that f(mg) = m; —m,. But
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then note a(d’(mg)) = d(f(my)) = d(m; —m,) = d(m,;) — d(m,) € im(a). Now, by
the above, we can pick n,n, € N’ so a(n}) = d(m,) and a(n}) = d(m,) as above,
and thus we need to show n| +im(d’) = nj, +im(d’), i.e. n} —n, € im(d"). But
d(m;) —d(m,) = a(n] —n}) = a(d'(m)). Now observe a is injective, thus we must
have n} —n/, = d'(my) € im(d"). This shows our map & is well-defined at the choice
of m € M such that g(m) =m".

Next, we also made a choice of n’ such that a(n’) = d(m). Suppose we have
a(n}) = a(n,) = d(m), but then since a is injective we must have n} = nj, and so
there is no ambiguity there.

This concludes 6 is well-defined. It remains to show we have exact sequence at 6.

The first thing we need to show is im(ker(d) — ker(d"”)) = ker(5). Well,
im(ker(d) — ker(d”))

by definition is given by some m” € ker(m’) such that we can find m € ker(d) so
g(m) = m”. But if you chase through the definition of 6, we see d(m) = 0 means
6(m”) = 0, hence im(ker(d) — ker(d”)) C ker(6). Next, suppose m” € ker(5), i.e.
m” € ker(d”) and 6(m”) = 0. Inherit the notation of 10.6, we see this means n’ €
im(d’), i.e. we can find m’ € M’ so d’(m’) = n’. However, note since all the squares
must commute, we have d(f(m’)) = a(d’(m’)), where we know a(d’(m’)) = d(m).
Thus, we see d(f(m’) —m) = 0, i.e. f(m’)— m € ker(d). In particular, observe
g(f(m")—m) = g(f(m")) — g(m) = m”, but g(f(m")) = 0 because all the rows are
exact by assumption. In other word, we see m” € im(ker(d) — ker(d”)), as it is the
image of f(m’) —m under the map ker(d) — ker(d").

To conclude the proof, it remains to show im(6) = ker(coker(d’) — coker(d)).
This is done by the following.

Exercise

Show im(6) = ker(coker(d”) — coker(d))
24

We will use this result to show that given a short exact sequence of chains 0 —
A, — B, — C, — 0, then we get a long exact sequence of homology objects. Before
that, we need the following lemma.

Lemma 10.7

Let 0 — A, LN B, 5 C, — 0 be a short exact sequence of chain complexes in
(R-Mod). Then we have exact sequence

H,(f) H,(g)
H,(A,) — H,(B.) — H,(C.)

forall n € Z.
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Proof. We need to first define H,(f ), but it is just given by

H,(f)la] = [f.(a)]

We need to check this is well-defined. Suppose a € Z,(A,) = ker(a,), then a,(a) =0,
and thus f,_(a,(a)) = b,(f,(a)) € B,_;, i.e. f,(a) € ker(b,) as desired, i.e. we
get f, : ker(a,) — ker(b,). Now we need to show well-defined. For that, suppose
[b]=[a]€H,(A,), ie. a—b € B,(A,). However, this means we can find y €A, ,; so
a,.1(y) =a—>b. But then

fn(a _ b) :fn(an+1(.y)) = bn+1(fn+1(.y))

which shows f,(a) — f,(b) € im(b,,), i.e. [f,(a)] = [f,(b)] in H,(B,). This shows
H,(f) and H,(g) are well-defined, it remains to show they are exact.

For this purpose, let’s write down the maps at hand:

fn+1 &n+1
0 ; An+1 ; Bn+1 ; Cn+1 ; 0
| | |
In+1 b1 Cnt+1
g f, v g g
n n
0 s A, > B, s C, > 0
| | |
a, bn Cn

g A
fnfl

b
0 —> A, =% B, —%Coy —> 0

First we show im(H,(f)) € ker(H,,(g)). Observe
H,(g)H,()x]) = H,()[f(x)]) = [g.(fu(x))] =[O]
as gf = 0 by assumption.

Now it remains to show ker(H,(g)) € im(H,(f)). Suppose H,(g)[x] = O, i.e.
g,(x) €im(c,,,). The goal is to find some [z] € H,(A,) so [f,(2)] =[x].

Since g,(x) € im(c,,;), we can find y € C,,; so g,(x) = ¢,.1(¥). Since g,,; is
surjective, we can find x; € B,;; S0 ¥ = g,.1(x;), and thus we see
8n(br1(x1)) = €141(8111(¥)) = ga(x)

Thus we see
gn(bn+l(x1)_x) =0

and hence b, ,(x;)—x € ker(g,) = im(f,), i.e. wecanfindz € A, so f,(2) = b,11(x;)—
x. We claim this z in fact lives in ker(a,). To see this, it suffices to show a,(z) = 0.
However, since f is injective, it suffices to show f,_;(a,(2)) = 0. Now observe we have

fa-1(ay(2)) = b,(fo(2))

where

fa(2) = byyy(x1) —x = by (fo(2)) = bp(byy1(x1)) — by(x)
where b, o b,_; =0 and b,(x) = 0 as x € ker(b,). Hence we see z € ker(a,) and so
[z] € H,(A,). Now we see

[fa(2)]=[by11(x1) —x] = [x] € ker(b,)/im(b,,)

24
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Theorem 10.8: Zig-Zag Lemma
Let 0 — A, LN B, LN C, — 0 be a short exact sequence of chain complexes in
(R-Mod). Then we have a long exact sequence

H,(f) Hy,(8)

. 7 Hn(Ao) S Hn(Bo) — Hn(Co)
/

/5

H, ,(A,) m H, ,(B.) m H, ,(C) — ..

Proof. Consider the following sequence

A/ im(@ys;) —— B,/ im(byyy) —— Co/im(cuyy) — 0

a, b, Cn
0o—— ker(:l,n_l) — ker(;)n_l) S ker(:n_l)
Here the vertical arrows are induced by the differentials. For example,
a, :A,/im(a,,) — ker(a, )
just sends [x] to a,(x). This is well-defined because we know im(a,;) € ker(a,). In

addition, we see a,([x]) € ker(a,_;) because a,_;(a,[x]) = a,_;(a,(x)) = 0. Thus we
can apply snake lemma and obtain the following exact sequence

ker(a,) — ker(b,) — ker(c;)
/

n
coker(a,) — coker(b_n) —— coker(c,)
However, we see
ker(a,) = ker(a,)/im(a,,,) and coker(a,)= ker(a,_,)/im(a,)

and so on. Indeed, note coker(a,) = ker(a,_,)/im(a,), but im(a,) = im(a,) almost
by definition. This concludes the proof, as it is not hard to see the vertical arrows are
just H,(f) and H,(g) and H, ,(f) and H,,(g).

>4
Definition 10.9

Let f,g : A, — B,, then a chain homotopy between f and g is a family s = (s,,),.c;,
of morphisms s, : A, — B,,; such that for all n we have

fn_gn:Sn—loan+bn+1osn
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In terms of diagrams, a chain homotopy is given by a family of arrows as belows,
where we set h = f — g:

YA, A A

[4 n+1 [4 n [4 n—1
a v

hn+1 S h Sn—1 \Lhn—l

K v K
N S B, —> ...

by
so that every h,, is the sum of arrows on the side of the parallelogram.

Proposition 10.10

Let f,g : A, — B,, and s is a chain homotopy between f and g. Then H,(f) = H,(g)
forall n € Z.

Proof. Let [x] € H,(A,), with x € ker(a,). Then
(H,(f) —Ho(g)lx] = [sp-1(a,(x)) = byyr(s,(x))]
However, since x € ker(a,), we see we get
(H,(f ) —H,(g))[x] = [5,1(0) = by 11 (s,(x))]
where b, ,,(s,(x)) €im(b,,,), i.e. [b,.1(s,(x))] = [0]. In other word, we get
H,(f)[x]=H,(g)[x]
for all [x] € H,(A.).

24

Definition 10.11

A homotopy equivalence between chain complexes C, and D, consists of a pair
(g,h) of chain maps g : C — D and h : D — C such that h o g is chain homotopic
to Id; and g o h is chain homotopic to Id,,.

11 Resolutions

y for algebraic topology, algebraic geometry, and differential geometry).

Since (R-Mod) has enough injective and projective, let M be any module, then we
can find projective P, and a surjection p, : P, = M, such that M = P,/ ker p,. However,
K, = kerp, is not necessarily projective, and thus we might as well take another
projective module P, and surjection p, : P, — K,, with K, = P, = kerp,. However,
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K, = kerp, might not be projective, and so on. We can continue this indefinitely,
where by induction, we get

0-K, 5P K -0
with P, projective, K,, = kerp,,, and i,, the inclusion map for all n > 1. Overall, this
sequence is illustrated by the following diagram
dy

ds dy
sy P, —2y p, —2y p, Uy p,
[ A A

p3 1)) P2 i1 P1 i

S

where d,, : P, — P,_, is defined by

~
<
~
o

dn = in—l O Pn
forall n > 1.
Now observe kerd, = ker p,, = K,,, and because p,, is surjective, we see
imd, =imi, ; =K,_;

Therefore, imd,,,; = kerd, for all n > 1. At the end, we have imd; = K, = ker p, with
D, surjective, and thus we conclude the above chain complex is exact.

Definition 11.1
Given any R-module M, a projective (resp. free, resp. flat) resolution is a chain
complex P, together with surjective p, : P, — M, so that the following sequence

d, dy Po
w—>P, —P ,—>..—>P—>P—>M-—>0

is exact, and every P, is projective (resp. free, resp. flat) module. We will often
. . p
write the above exact chain complex as P, = M — 0.

Remark 11.2

An exact sequence of the above form where P, are not necessarily projective (nor
free, nor flat) is called a left acyclic resolution of M.

Since (R-Mod) also has enough injective, we can do the same thing for injective
modules.
Definition 11.3
Given R-module M, a injective resolution is a cochain complex I* together with
injective i, : M — I°, so that the sequence
dO

i 4t an
0-MSIO ST S2s . S o
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i
is exact, and I" is an injective module. We often write this as 0 — M — I°.
Remark 11.4

An exact sequence of the above form where I" are not necessarily injective is
called a right acyclic resolution of M.

Proposition 11.5

Every R-module M admits a projective resolution and an injective resolution.

Now let P, be a projective resolution of A, then we can apply the Hom(—, B) functor
(which is left exact and contravariant) to this chain complex and get another chain

complex
0 —» Hom(P,,B) — ... » Hom(P,_,,B) —» Hom(P,,B) — ...

Definition 11.6

For any two R-modules A and B, the nth Ext group Ext;(A, B) is the nth cohomol-
ogy groups of the cochain complex Hom(P,, B), where P, is a projective resolution
of A.

Now, note since Hom(—, B) is left exact, the exact sequence
P, p, A0
gives exact sequence
0 — Hom(A, B) — Hom(P,, B) —» Hom(P,,B)

This implies
Hom(A, B) = ker(Hom(d,, B)) = H°(Hom(P,, B))

That is,
Ext)(A, B) = Hom(A, B)

Example 11.7

If A itself is projective, then take 0 — A N A — 0, we see Exty(A,B) = 0 for all
n=>1.

On the other hand, if R is PID, then every module A admits a free resolution
d
0— P, =5 P, 2% A— 0 and thus Exty(A,B) =0 for all n > 2.

Similar to Hom(—, B), for the covariant right exact functor —®;B, we can construct
a chain complex P, ®; B, i.e. we get

..»P,®B—>P,_,®B—..—>P,8B—0
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Definition 11.8

For any two R-modules A and B, the nth Tor groups Tory(A, B) is the nth homology
group of the chain complex P, ® B, where P, is a projective resolution of A.

Since — ® B is right eaxct, we see Torg(A,B) = A® B. Also, by the same argument,

if R is PID, then Tor{(A,B) = 0 for n > 2.

By definition, we see Tor(A, B) and Ext(A, B) depends on the choice of projective
resolution. However, as we will see later, any two resolutions P, and Q, give isomor-
phic Tor and Ext.

Before we move into prove this result, let us remark the following.

Observe the functor Hom(A, —) is covariant and left exact, thus for an injective
resolution I* of B, we get cochain complex Hom(A, I°), i.e.

Hom(A, I°) — Hom(A, I') — ... — Hom(A, I") — Hom(A, I"™1) — ...

Definition 11.9

For any two R-modules A, B, the nth Ext’ group Ext;{”(A, B) is the nth cohomology
group of Hom(A, I*), where I° is an injective resolution of B.

Since one can prove Ext;z”(A, B) is isomorphic to Ext(A, B), we will not distinguish
those two and just call them the Ext group of A and B.

Our next task is to show the Ext’s and Tor’s are isomorphic when we choose two
different projective resolutions. To be more precise, there is a chain homotopy equiv-
alence between two projective resolutions P, and P, of A (where a similar result holds
for injective resolutions).

Theorem 11.10: Projective Comparison Theorem

Let A, B be two R-modules. If:

1. P, 5 A—0is a chain complex with all P, projective, and

/
€ .
2. X, — B — 0 is an exact sequence.

Then any R-linear map f : A — B lifts to a morphism g from P, to X,, and any two
morphisms from P, to X, lifting f are chain homotopic.

What the last sentence means is that, if we have h : P, — X, which also satisfies
foe =hyo€’, then we must have g in the above theorem and h being chain homotopic.

Also, before we start to prove this result, let us just remark a general lifting proce-
dure. Suppose we have the following commutative diagram

P
if\o
Y|
A ¢>B ¢>C



with bottom row exact and P projective, then we can find s : P — A which makes the
whole diagram commute. To see this, just note v o f = 0 implies im(f) € keriy =
im ¢, and thus im(f) € im(¢ ), and so we can replace B by the image of ¢, and get

p

|

where we can apply the definition of projective modules.

Proof. We prove the existence of the lift, stepwise, by induction. Since we have € :
P, —Aand f : A— B, we get diagram

PO
[~
- 5

As P, is projective, the map g, : P, — X, exists and make the above diagram commutes.
Assume the lift exists up to level n. We have the diagram

0

Xo

dr dr
P n+1 N P no P H
n+1 [} 7 tn—1

& - (Eq. 11.1)
dax 7

dX e
n+1
X4t > X, > Xy — -

so we get map g, °d,i» : P,,; — X, and a diagram

where the bottom row is exact and d* o (g, o d” 1) = 0. Indeed, by commutativity of
Eq. 11.1, we get
dog,odl,, =g, o od’,, =0

Now replace X, by the image of g, od’, |, then X, ; becomes 0, and we can apply the

fact P, is projective and get a lifting g,.; : P,.; — X,.1, Wwhich makes the diagram

n

Pn+1
8nt+1 -
)<// g”lodnJrl
\ \
Xn+1 dx 4 Xn dX 4 Xn—l

commutes.

It remains to show that if we have two liftings g and h, then they are chain homo-
topic. We will do this by induction.
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For the base case, we have diagram

P, —— A >0
G
7 8o ho
7
Xk sy X, —<3 B S 0
1 dX/ 0 4 4
1

As €'(go—hy) = (f — f)e =0, the lower row is exact and P, is projective, thus we get
SO 5 PO _)Xl With go_ho = di( oSo.

Assume, for the induction step, we have s, ...,s,_;. Write A, = g, —h,,, then we
get the diagram

dy
P, —SP , —>P , —> ..

Ani Ksn_l/ l/An_l lAn_z (Eq. 11.2)

Xn+1 > Xn ax e Xn—l — Xn—Z —_— ..

This gives a map A, —s,_; © d: : P, — X, and a diagram

Pn
l/An—sn,lodf:
\ \
Xn+1 dx 4 Xn dx 4 Xn—l
n+1 n

the bottom row is exact. If we can show d o (A, —s,_; ©d?) =0, then we can get a
lift s, : P, = X,,,; making the diagram

P

n

7 - P

% 2 Ap—sp—q0d;
\

Xn+1 X

X 4 n dx n—1

n+1

commute and we are done. By commutativity of Eq. 11.2, wesee dX oA, = A, _;0d”

and so
dff(An —S, ;0 df) =A,;0° dr}: —dff 08§, 10 d:

By induction hypothesis, we have
— — p X
An—l =&n—1— hn—l =Sp2° dn—l + dn ©Sp1
and therefore
A,_;0 df — dff 0§, 10 d:
=5, ,0d’ od’+dfos, jod’ —dos, jod’

=0

This concludes the existence of s, and we are done.

As an immediate result of this theorem, we see that:
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Corollary 11.10.1

Given any R-linear map f : A— B, if P, and P. are projective resolutions of A and B
respectively. Then f has a lift g from P, to P.. Furthermore, any two lifts of f are
chain homotopic.

Theorem 11.11

Given any R-modules A, if P, 5 A—0and P! 5 A — 0 are two projective resolu-
tions of A. Then P, and P, are homotopy equivalent.

Proof. By Proposition 11.10.1, the identity map Id, : A — A has a lift g from P, to P,
and a lift h from P/ to P,. Thus ho g is a lift of Id, from P, to P,, and since the identity
map Id,, is also a lift of Id,, by Proposition 11.10.1 we get a chain homotopy from
hoh toIdp,. A similar argument shows g o h is chain homotopic to Idp,.

24

A dual result holds for injective resolutions, and all the proofs are similar. All we
need to note is the following: if we have commutative

with I injective, the upper sequence exact, then there is a map 6 : C — I which lifts
f. In this case, just note f o1 = 0, so im C kerf, but ker¢p = im1 C imf and
so ker¢ C kerf, i.e. we get unique map f : B/ker¢ — I, and now we back to the
definition of injective module to get our desired 6.

We record the result here, as well as its implication.

Theorem 11.12: Injective Comparison Theorem

Given any R-linear map f : A — B in (R-Mod), injective resolutions 0 — A — I°,
0 — B —I". Then f has a lift g from I°® to I'*. Furthermore, any two lifts of f are
chain homotopic.

From this, we get dual results to Theorem 11.10, and in particular the following
result:

Theorem 11.13

Given any R-modules A, if 0 — A SI°and0 — A5 I are two injective resolutions.
Then I* and I'* are homotopy equivalent.
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Now we are move towards the definition of derived functors, but before that, we
need some results about exact sequences of chain complexes.

Proposition 11.14: Projective Horseshoe Lemma

Let A be an abelian category, and exact short sequence 0 — A’ Sata o

1"

Suppose we have projective resolution P’ := P! S A - 0and P P’(A)P/ =
A" — 0. Then there is a projective resolution P : P, S5A-0 of A and chain maps
f :P" > Pand g : P — P” such that the sequence

0—-P —-P—>P'—>0
is exact.

Speaking in terms of diagrams, what we are saying is that, given diagram

~ ~N
/ /7
PO PO
N é W ~N
0 —> A —3A—3A ——0
~ ~N-
0 0

fi &1

fo &o

@ € @
N ~N- ~
0 —A —>A——> A" —0
N N ~
0] ° (0]

with all the rows exact. Observe here if P/ — P, — P”, then it is necessary that
P, =P/ &P/, i.e. this short exact sequence splits.
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Proof By induction, it suffices to complete

0 0
~N ~
/ 7
K K!
~N- ~
/ 7
P P,
el 6//
~N- é " ~
0—> A "3A"3A4 —30
~N ~
0 0

where the rows and columns are exact and P, P’ are projective. Define P, = P; & P/,
fo : Pj — Py by x’ — (x’,0) and g, : P, — P; by (x’,x”) = x”. It is clear P, is
projective and

0P P p 50

is exact. Since P is projective, there is a map o : P/ — A with po = ¢’. Define
€:P,—Aby
e(x’,x")=¢pe'(x)+ a(x")

One verify this does the job and the entire diagram commutes and all the rows are
exact.

24

We also have a dual result about injective resolutions.

Proposition 11.15

. ¢ Y . .
Given short exact sequence 0 - A’ — A — A” — 0 in abelian category A, and
injective resolutions 0 — A" — I’* and 0 — A” — I"*, then we get injective resolution

I*ofA f:1"—>1,and g : I* — 1", such that 0 — I’ L1 5 17 5 0is exact.

Finally, we need a generalization of Horseshoe lemma for chain maps of exact
sequences.

Lemma 11.16

70



Consider the commutative cube

K ——————-—=- > K
x’ x’
L —————}———- S L
c’ S C
D’ S D
A/ > ~N
B’ S B

in which L',K’,L,K are kernels of the arrows. Then the dashed arrows exist and
every new square commutes.

Proof. Existence of dashed arrows is easy. It remains to show commutativity of the
top dashed square. To that end, justnote K’ > L' > L »>Dand K’ > K - L —> D
coincide as one should verify, but L — D is monic, and thus we get K’ — L’ — L equal
K'—-K— L.

24
Proposition 11.17

Assume we have commutative diagram of modules with exact rows

S
> A” > 0

lf "

> B” > 0

o
oL~ ->

j t

Also suppose we have projective resolutions P',P”,Q’, Q" of the corners A’,A”,B’,B”,
respectively, and chain maps F' : P’ — Q' over f’, and F” : P” — Q" over f”. Then
there exist projective resolutions P of Aand Q of B, and a chain map F : P — Q over
f giving commutative diagram of complexes with exact rows

00— P —3P—3P —30
oo e
0 > Q' > Q > Q" —— 0

We will not prove this, but mention the proof is 3D diagram chasing. Clearly we should
expect the dual version to be true as well, which we will just call it the injective version
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of Proposition 11.17.

12 Derived Functors

Now let C and D be two abelian categories, and let T : C — D be an additive functor.

Assume C has enough injectives. For any A € C,if 0 — A 5 I° is an injective
resolution of A, then if we apply T to I°®, then we obtain the cochain complex

0— T(IO) T(I ) T(Iz) - ... T(I”) T(I"“) -, (Eq. 12.1)

denoted T(I®). If T : C — D is a contravariant functor and if we apply T to I* we
obtain the chain complex

T(d")

ST I 0y S o 1) 2 79 - 0 (Eq. 12.2)

also denoted T(I*).

Now assume C has enough projectives. For any A € C, if P, SA-0isa projective
resolution of A, then if we apply T to P, we get chain complex

o TE)E e ) S TE)EE TR > 0 (Eq. 12.3)

denoted T(P,). If T is contravariant functor and if we apply T to P, we get cochain
complex

d T(d,
0= T(Py) 22 7(P) = ... > T(P,_) = T(P) > ... (Eq. 12.4)

also denoted T(P,).

Definition 12.1

Let C and D be abelian categories, T : C — D an additive functor.

1. Assume C has enough injectives, and we are in the case of Eq. 12.1, then
we define the corresponding right derived functor is defined by

R'T(I°) := HY(T(I*))

2. Assume T : C — D is contravariant and C has enough injective, and we
are in the case of Eq. 12.2, then the corresponding left derived functor is
defined by

L,T(I%):=H,(T("))

3. Assume C has enough projective, and we are in the case of Eq. 12.3, then
the corresponding left derived functor is defined by

L,T(P,)=H,(T(P,))

4. Assume T : C — D is contravariant and C has enough projective, and we
are in the case of Eq. 12.4, then the corresponding right derived functor
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is defined by
R"T(P,)=H"(T(P,))

Observe the naming scheme here is solely based on whether the resulting complex is
cochain complex or chain complex, i.e. if we have a chain complex after applying T,
then we get a left derived functor, and otherwise right derived functor.

As the name suggests, those things are actually functors. To be exact, they are from
either the category of injective resolutions or projective resolutions, to the category D.

Let us describe how those functors act on morphisms.

Suppose we have f : A — B and injective resolutions I* and I’* of A and B respec-
tively, i.e. we get

0 S A s 10 It S
|
f
X

0 > B s 10 e S

Then by Proposition 11.12, we can find a lift g : I* — I’*. Since T is a functor, T(g)
is a chain map from T(I*) to T(I’*), and in particular T(g) induces a homomorphism
of cohomology H"(T(g")) : H"(T(I*)) — H"(T(I’*)) for all n > 0. Furthermore, if h
is another lift of f, since by Proposition 11.12 any two lifts of f are chain homotopic,
say by (s"),=o- Since T is additive, by applying T to the equation

gn_hn :Sn+1 od[n +d[n[—1 ost
we obtain
T(g")—T(h")=T("") o T(d])+ T(dy ) o T(s")

which shows (T(s")), is a chain homotopy between T(g) and T(h). In other word,
H"(T(g") : HY(T(I*)) — H"(T(I"*)) is independent of the lift g of f. Thus, for
any arrow f : A — B in the category of injective resolutions with 0 - A — I* and
0 — B — I’*, we define

R'T(I°,I")(f)=H"(T(g")
Similarly we define L,T(?,?)(f) = H,(T(g,)), where the (?,?) can be injective or
projective resolutions, depend on T.

Theorem 12.2

E €,
Let 0 » A= 1° and 0 — A =5 I’ be two injective resolutions for any A € C. If
T : C — D is any additive functor, then there is natural transformation

Ny :R'T(I°) -»R"T(I")

for all n > 0 that depend only on A and T. Similar results hold for other derived
functors.

Proof. By Theorem 11.13 the complexes I* and I’* are homotopy equivalent, which
means there are chain maps g : I* — I’* and h : I"* — I® both lifting Id, such that ho g
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is chain homotopic to Id;. and g o h is chain homotopic to Id;.. Since T is additive,
T(h)oT(g) is chain homotopic to Idy(;.) and T(g)o T (h) is chain homotopic to Idy ).
These chain maps induce cohomology homomorphisms for all n > 0, where

H"T(h") o H"T(g") = Idy(+)
H"T(g") o H"T(h") = Idy(y
Thus H"T(g") is an isomorphism of cohomology.
We still have to show this map depends only on T and A. This is because by Propo-
sition 11.12, any two lifts g and g’ of Id, are chain homotopic, so T(g) and T(g") are

chain homotopic. However, this implies H"T(g") = H"T(g"™). As a consequence, it is
legitimate to set n; = H"T(g"), a well-defined isomorphism )} : R*T(I*) — R"T(I").

It remains to show 7} is a natural transformation. For any f : A— B we need to
show we have

R'T(I3) —2% R'T(I")
R'T(I3,I5)(f) RMT(I;,15)(f)
n \L ° ng n \L /e
R'T(I}) — R'T(I")
The map 7, is given by a lifting g, of Id, from I; to I)’ and the map R”T(I:’Ig)( f)is
given by a lifting h’ of f from I’® to I;’. Thus h’o g, is a lifting of f oId, = f. Similarly
gp o h is a lifting of Idg of = f. Thus we see T(h") o T(g,) and T(gz) o T(h) are both

lifts of T(f ), and so by Proposition 11.12 they are chain homotopic, which concludes
the commutativity.

2

In conclude, we see R" and L, are indeed functors, where we map an arrow f :— B
to, for example, R"T (I, 1;)(f).

Here are some basic properties of derived functors.

Proposition 12.3

Let C, D be abelian categories and T : C — D be additive functor.

1. If T is left exact then R°T is naturally isomorphic to T. If T is right exact and
contravariant then L, T is naturally isomorphic to T.

2. If T is right exact then LT is naturally isomorphic to T. If T is left exact and
contravariant then R°T is naturally isomorphic to T.

Proof. We only do (1). Suppose 0 — A S I%isan injective resolution of A. Since T is
left exact we have
0— T(A) - T(l,) — T(I,)

Since T(e) is injective, T(A) = im T(e) = ker T(d®). Thus the chain complex T(I*)
gives
R°T(A) = H(T(I*)) =ker T(d°)
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so T(A) is isomorphic to R°T(A).

Example 12.4

Take the functor T to be T3(A) := Hom(A, B). Then we see
Extz(A, B) = (R"T3)(A)
with Extg(A,B) = Hom(A, B) as Hom(—, B) is left exact. Similarly, if we take

Tz(A) = A®; B, then we get back to Tor, and since this functor T is right exact,
Tork(A,B) =A®B.

Proposition 12.5

Let C and D be two abelian categories, and T : C — D be additive functor. Then:

1. For every injective object I, R*T(I) = (0) for all n > 1, and T(I) is isomorphic
to R°T(I). If T is contravariant, L, T(I) = (0) for alln > 1 and L,T(I) =
T(I).

2. For every projective object P, L,T(P) =0 forn>1and T(P) = L,T(I). If T
is contravariant, R*T(P) =0 for n > 1 and T(P) ZR°T(P).

Proof. We only show (1). If I is injective, then consider
0515150
This gives 0 — T(I) — 0 which shows R°T(I) = H°(T(I*)) = T(I) and O for n > 1.

The following result shows that short exact sequence gives long exact sequence of
cohomology or homology. A similar result also holds for all other cases.

Theorem 12.6

Let C be abelian with enough injectives. Let 0 - A’ - A — A” — 0 be an eaxct
sequence in C, and T : C — D an additive left-exact functor.

1. For every n > 0, there is a map (R"T)(A”) 2, (R T)(A) and makes the
cochain complex

0= TA) > TA) = ... » R'T)A) S R™TYA) - ...

exact.

75



2. If we have

00— A —3A—5A —>0
0—>B —B——>B"—0

with all rows eaxct, then the induced diagram

0 —— T(A) > > R"T(A") L> R™TA) — ...
0 —— T(B) 5 l > R'T(B") —— R™ITA) — ...
commutes.

We will prove this after some examples, where from places to places we used this result
implicitly.

In what follows we will spend a little bit time compute some functors, before pro-
ceed to more theory.

Example 12.7

Let R be commutative, then Tor‘f(R/xR,M) ={m € M : xm = 0}, where x is not
zero-divisor. To see this, consider the resolution

0—>Rx—>R—->R/Rx—0
and so we get
0 — Tor{(M,R/Rx) > M ® Rx » M — M ® R/Rx — 0

where ker(M ® Rx —» M) = Tor‘f(M,R/Rx) ={m e M : xm = 0}, where we used
the identification R-module we see Rx =R andso M ® Rx =M @ R= M.

Example 12.8

We have Tor¥(R/I,R/J) =INJ/1J, which in some sense measures how far away
we are from “nice” intersection. Consider

0—»J—>R—->R/J—-0
This gives
0 — Tor,(R/I,R/J) »R/I®J —R/I > R/(I+J)— 0
where we recall R/I ® J = J /IJ. Thus we get
0 — Tor; »J/IJ > R/I-R/(I+J)—0

where the J — IJ — R/I is given by j + IJ — j + I. In other word, the kernel is
given by I NJ/1J, and it is equal Tor;.
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As a result of this, we see if | +J =R then IJ = I NnJ. Indeed, just note we
have
0— Tor; »J/IJ - R/I -R/(I+J)—0

where R/(I +J) =0.
Example 12.9

Let R be local Noetherian, with k = R/m the residue field. Then we have a mini-
mal resolution of M (meaning im(¢;) € mR>~!), where the resolution is

o R R B Rh 0

Then Tor;(k, M) = k%, and the b, are called the Betti numbers of M.
Example 12.10

Let us compute Tor and Ext for f.g. Z-modules. To that end, note
¢=PzoePz/nz
i

and thus by functoriality, it suffices to compute Ext and Tor for the pairs (Z/nZ, Z),
(Z/nZ,7./mZ) (Z,7).

First, for Ext(Z, Z), since Z itself is projective, we are done by one of the above
result, i.e. Ext"(Z,Z) =0forn>1.

Next, to compute Ext!(Z/nZ,7Z), consider
O—>ZLZ—>Z/nZ—>O
and apply Hom we get
0 « Ext!(Z/nZ,7) « 7 < 7 « Hom(Z/nZ,Z) < 0
This shows Ext'(Z/nZ, Z) = coker(Z — Z) = Z/nZ.
For Ext(Z/nZ,7Z./mZ), consider
05257 —>7Z/nZ—0
Applying Hom we get
0 — Hom(Z/nZ,Z/mZ) — Z/mZ — Z./mZ — Ext' — 0
Taking homology groups this gives
Ext(Z/nZ,Z/mZ) = (Z/mZ)/n(Z/mZ) = Z/dZ

with d = ged(n, m).
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We will end with computing Tor(Z/nZ,Z/mZ), and leave the Tor(Z/nZ,Z) as
exercise. To that end, consider the same projective resolution

05Z5Z—>7Z/nZ—0

This gives
0->ZQZ/m—>ZQZ/mZ — Z/nZQ Z/mZ — 0

which is the same as
0> Z/mZ—Z/mZ — Z/(n+m)Z — 0

Now take homology we get Tor(Z/nZ,7/mZ) = Z/d7Z, where d is the gcd of m, n.

Proof of Theorem 12.6. We have injective resolutions 0 — A’ SN I3, and 0 — A 5 I3,
Thus by Horseshoe Lemma 11.15 we get

1 1 1

0 —>1I, —> I} —> 1}, —> 0
P P A
0 0 0

0 — 1% —> 19— 15 —>0
P P A

0 —> A PA— A — 0
P P A
0 0] 0]

This gives short exact sequence

01 -1 —>1I;,—0
Now, to compute R"T, we actually already have an injective resolution f; of A, but by
Theorem 12.2 we see those two will yield the same derived functor, and so we might
as well assume our injective resolution is induced by the Horseshoe Lemma 11.15.
Now apply T, we get
0—->T(;)—>T(;)—>T(,)—0

This is because 0 — I}, — IT — I), — 0 splits and T is additive. However, now by

(cohomology version of) Zig-Zag Lemma 10.8, we get the desired result. To prove
naturality, just use the injective version of Proposition 11.17.

24

A similar result holds for left derived functors, in the appropriate setting.

To conclude this section, we will record some properties of Tor and Ext.
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Proposition 12.11

Let R be a ring, M an R-module. Then the following are equivalent:

M is flat over R

Tor¥(M,—) is zero for all i > 1

Tor¥(M, —) is zero

For all ideals I € R, Tor{(M,R/I) =0
For all fg. ideals I C R, Tor"(M,R/I) =0

Ok b=

Proposition 12.12

Let R be Noetherian, M, N be finite R-modules. Then Tor?(M ,N) is finite R-module
for all p.

Proposition 12.13

Let P be R-module. Then the following are equivalent:

1. P is projective over R
2. Ext'(—)=0
3. Ext{(B—)=O0foralli>1

13 O-Functors

We will conclude this section by T-acyclic resolutions (this is used to compute derived
functors) and universal 6-functors (this is a little bit hard to explain, but it is a type
of uniqueness result).

Definition 13.1

Let T : C — D be left exact additive functor. An object J € C a (right) T-acyclic
if R"T(J)=0foralln>1.

Proposition 13.2

If0 —>Ai> B C is exact and T is left exact, then ker T(g) = T (ker g).

Proof. Exercise.
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Proposition 13.3

Given left eaxct additive functor T : C — D, for any A € C, suppose there is exact
sequence

€ d° d!
0-A—=J' > I —J* > .. (Eq. 13.1)

in which every J" is right T-acyclic (we denote the 0 — J° — J* — ... as J; and call
it a right T-acyclic resolution). Then for all n > 0, we have isomorphism between
R"T(A) and H(T (J;})).

Proof. Since Eq. 13.1 is exact and T is left-exact, we get exact sequence
0->TA)—>TU")—->TUY
which implies
R°T(A) = T(A) = ker T(d°) = H(T(J}))

Let K" = kerd" for all n > 1, then Eq. 13.1 implies imd" = kerd""! = K"*! and the
surjection p" : J" — K"*! has kernel K" so we have short exact sequence

0->K'—J" 5 K™ 50 (Eq. 13.2)
for all n > 1. We also have .
0-A-J" 5K 50 (Eq. 13.3)

If we denote the injection of K"*! into J"*! by "™, then we get
d" = 6n+1 Opn

Now apply T we get
T(d")=T(e"")oT(p")

. e e e . ent! dmtt . . .
Since €"*! is injective, 0 — K"*! — J"*! — J"*2 j5 exact, and since T is left exact,
we see 0 — T(K"") — T(J™) — T(J™?) is also exact. This means the restriction of
T(e™!) to im T(p™) is an isomorphism onto the image of T(d"). Thus we see

imT(d")=imT(p"), n=0

By definition of K" = kerd", we have

0— K" — gn & gt
so by Proposition 13.2 we get

ker T(d") = T ker(d")
Now apply Theorem 12.6 to Eq. 13.3 we get long exact sequence begins with

0—>TA)—TU®) - TK')—>R'T(A)—-R'TU" =0

which gives

RIT(A) = T(KY)/im T(p°) = T(kerd")/im T (p°)
= ker T(d')/im T(d®)
=H'(T(J}))
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This concludes R'T(A) = H'(T(J})).

It remains to prove n > 2 case. For that, note by Theorem 12.6 on Eq. 13.3, we
also get eaxct sequence

RITWJ®) - R"IT(K') = R"T(A) - R*"T(J?)

where R™'T(J°) = R"T(J) = 0 since J} is right T-acyclic resolution. Therefore we
get
RIT(KY)=R'T(A), n>2

Now use the long exact sequence (from Theorem 12.6) induced by Eq. 13.2, we get
REIT(JY) - REIT(K) = REIT(KYD) — REIT(JY)
and since J' is T-acyclic, we get
RTFIT(KTY) =XRYIT(KY), 1<i<n—2

Now apply induction we conclude

RVIT(KH =RIT(K™Y), n>2
where we know R" ' T(K!) = R"T(A), i.e. we have

R"T(A) 2R IT(KY) 2 RIT(K™ 1)
The long exact sequence applied to Eq. 13.2 gives

T - T(KY) >R T(K") -RTU"H=0

and thus by first isomorphism theorem and Proposition 13.2 we get

R'T(A) ZR!'T(K™)
= T(K")/imT(p"™)
= T(kerd")/im T(p™™)
= ker T(d")/im T(d"?)
=H"(T(J}))

This concludes the proof.

The above result can also be proved using the following proposition.

Proposition 13.4

Let T : C — D be additive left eaxct functor. For any T-acyclic exact cochain X* :
0—X%— X! — .., wehave T(X*) is also exact.

All the above results also holds for left T-acyclic resolutions and left derived functors
L,T.
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Definition 13.5

Given two abelian categories C and D, a -functor consists of a countable family
T = (T"),>o of additive functors T" : C — D, and for every short exact sequence
0—>A—>A—A"—>0inC and n > 0, we have a map

T(A") S T
such that:

51’1
1. The sequence 0 — T°(A") — ... » T"(A”) — T""(A’) — ... is eaxct.
2. If we have commutative diagram

0—>A —A——A —>0
0—>B —3%B—>B"—30

with all the rows eaxct then the induced diagram

e — T(A) — TYA) — T"A) — ...

| | !

. — T(B) — T"(B") — T""}(B") — ...
also commutes.

Clearly the left and right derived functors are 6-functors. What is non-trivial is that
every 6-functor is isomorphic to some derived functors (such &-functor is called uni-
versal).

The collection of 6 functors from C to D forms a category, and the morphism is the
obvious one.

Definition 13.6

A 6-functor T = (T"),s, is universal if for every 6-functor S = (S™) and every
natural transformation ¢ : T° — S°, there is a unique n : T — S such that n° = ¢.

As you would expect, in the above situation, we say n lift ¢, if for every short exact
sequence 0 - A’ - A — A” — 0, we have

H TO(A//) H Tl(A/) H TI(A) H Tl(A//) & TZ(A/) H

S P N A

e — 8%(A") —— S'(A) — S'A) — ST — sPA) —— ..
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Proposition 13.7

IfS=(S")and T = (T") are both universal 6-functors and there is an isomorphism
¢ :S° — T°. Then there is a unique isomorphism 1 : S — T lifting ¢.

In short, this result tells us a universal §-functor is completely determined by the T°
component. Next, we show that &-functors exists.

Theorem 13.8

Assume C has enough injectives. For every additive left exact functor T : C — D,
the family (R"T ), of right derived functors of T is a 6-functor. Furthermore, T is
isomorphic to R°T.

Proof. This is just restate things we proved above.

Dual to 6-functors, we also have a notion of J-functors, which mimics L, T. We leave
as an exercise for the readers to figure out the definitions of J-functors and the mor-
phisms between them, as well as the dual results to the above.

The next goal is to show the derived functors are universal 6-functors. To that end,
we will need the notion of erasable/effacable functors. The term effacable functors
are used by Grothendieck, but we will stick to erasable.

Definition 13.9

An additive functor T : C — D is erasable if for every object A € C there is M, € C
with monic u : A— M, such that T(u) = 0.

If T is erasable, then we always have T(M,) = 0 in D. Also, we have a dual notion of
co-erasable, where we require every A € C to have a M, € C and epic u : M, — A such
that T(u) = 0.

In many cases, the M, can be in fact choosen to be injective (or in co-erasable case
choosen to be projective). In this case we say T is erasable by injective (or co-erasable
by projective). However, this is not always desirable.

Proposition 13.10

1. Suppose C is abelian with enough injectives. For every additive left exact T :
C — D, the right derived functor R"T is erasable by injectives for all n > 1.

2. Suppose C is abelian with enough projective. For every additive right exact
T : C — D, the left derived functors L, T are co-erasable by projectives for all
n=1.
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Definition 13.11

Let C be abelian. For every A € C, an injective erasing of A is a monicu :A— M
such that for every monic g : B — C and any map f : B — A, there is some map
f : C — M making the following diagram commute

If C has enough injective then u : A — I with I injective is always an injective erasing
of A.

The following result shows some relationship between erasibility and injective
erasing.

Proposition 13.12

Suppose T : C — D is additive functor.

1. If T is erasable then for any injective erasing u : A— M, T(u) =0

2. If every A € C has injective erasing then T is erasable iff T(u) = 0 for all
injective erasingu : A— M

3. If T is erasable then T(I) = O for all injective object I

If C has enough injectives, then T is erasable iff T (I) = O for all injective object
I

na

Proof. Mostly check definitions.

Now we are ready to state one of the big result on 6-functors.

Theorem 13.13: Grothendieck

Let T = (T™) be a 6-functor between C and D. If every A € C has injective erasing
v :A— M, such that T"(v) =0 for all n > 1, then T is a universal &-functor.

Proof. The proof presented here is not due to Grothendieck. It can be found in Jean
Gallier’s book, where it states this proof is essentially due to Steve Shatz.

We will do induction on n, and only do the case n = 1, as the rest is similar.
Step 1: Construction of the lift map u;.

Let S = (S™) be another 5-functor and let u, : T° — S° be a given map of functors.
If A is an object of C, injective erasing of A for T' shows we have exact sequence

0>AS M, A -0 (Eq. 13.4)
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with A” = coker(v), such that & (%0 in the induced sequence
T°(Ma) — T°(A") = T'(A) - T'(M,)
is surjective (since T*(v) = 0). Since T is a 5-functor, we have commutative diagram
To(M,) — T°(A") — T'(A) — T'(M,)

uO(MA)\L ug(A”) (R75]
v N

S*(M,) — S°(A") — S'(A)
Since ker 69, = im T(p), since the left square commutes
u(A") o T%(p) = S°(p) o uy(M,)
and since the bottom row is exact, we get
Gg0 0 Ug(A”) 0 TO(p) = 53, 0 S°(p) 0 up(M,) =0

This shows

ker 69, C ker(89, o uy(A”))
Since &9, is surjective, we define u; = T'(A) — S'(A) as follows: for any a € T'(A),
pick any b € T°(A”) such that a = 6%,(b), and set

uy(a) = (89, o u(A”))(b) (Eq. 13.5)

This map is well-defined, because if a = §9,(b’) for some b’ € T°(A”), then 69,(b) =
52,(b"), s0 8%,(b—b") = 0,ie. b—b"=c €kerd?, Cker(5Y, o uy(A”)). This shows
b’ = b + c with ¢ € ker(59, o uy(A”)), which implies

(830 0 up(A"))(b) = (83 0 uo(A))(b +¢)
= (50 0 uo(A”))(b)
Thus, the map u, : T!(A) — S'(A) making the second square commute is uniquely

defined. It remains to check u; has the required properties and it does not depend on
the choice of the exact sequence Eq. 13.4

Step 2: Independence of the choice A — M,.

Suppose we have 0 — A 5 E 2, A7 — 0 where ¥ is injective erasing, and A” =
coker(#). By hypothesis, T(#) = 0. Assume we have g : A — A. Since 7 is injective
erasing and v is monic, there is a map 6 extending v o g making the following diagram

0 > A > My > A” > 0

0

0 ?

commute. Now the diagram

b

~
S
~
=
~
(@)



is similar to the commutative diagram used in the construction of u; in Step 1, and it
has exact row, so the same argument shows there is a 0:A > A making the above
diagram commute. Now Theorem 12.6 applied to the above with T and S yields the
two commutative diagram

T°(M,) —> T°(A") — T'(A) —— 0
N
T(M,) — T°(A") — T'(A) — 0
since T'(v) =0 and T!(¥) =0, and
S'(M,) — S°(A") —— S'(4)
80(%47) — SO%) — 51%4)

We can also apply Theorem 12.6 to the two commutative diagrams involved in the
construction of u; and u; as in Step 1. This gives a diagram

T°(M) > T°A) ———— = T'(A) ——— 0
TO(M,) l > TO(A) l > T'(A) 0
SO(My) l > S°(A") S'(A)
SO(M,) > SO(A7) y SI(A)
where all the top, bottom, front and back squares are commutative, and the two left
hand vertical squares also commute by naturality of u,. Since & ‘;0( ) - T°(A") — TY(A)

is surjective, if we can show the two compositions T°(A”) — T'(A) — T'(4) — S'(A)
and T°(A”) — T(A) — S'(A) — S'(A) are equal, i.e. we have
iy o Tl(g) © 5(%0(14//) = Sl(g) ou;° 5(7)"0(A”)

then we can conclude 1f; o T!(g) = S*(g) o u;, which concludes the entire diagram is
commutative. The verification is left as an exercise, but you should use commutative
of the other five faces of the rightmost cube, in the order: top, front, left, bottom,
back.

Thus, at this point, we see the above 3D diagram is commutative. Now set A = A
and g =1d, we see u; = u;, and thus u, is independent of M,.

Step 3: Prove u; is functorial.

Let g : A— A, u; and i, be as in Step 1. We need to show

T'(g)

TY(A) —= T'(A)

s'(g)

S'(A) —— SY(A)
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is commutative. However, this is precisely the commutativity of the rightmost face in
the above 3D diagram, and thus we are done.

Step 4: We need to show for any short exact sequence 0 — A’ oot a 0, the
diagram

500
TO(A//) T ) Tl(A/)
up(A”) Uy
oo |
SO(A//) Sl(A/)

is commutative. Here we need to be careful as 1) is not necessarily erased, so the
previous construction does not work. However, there is an injective erasing

054 5M, 55X >0

and as before we get

~N-
e
N
(@]

Since T is a 6-functor, we obtain the commutative diagram

TO(A//) — Tl(A/)

lTO(E) \le

TO(X) — T(A)

We also get similar diagram for S as S is also a 6-functor. Next, since u, is a natural

transformation, we get
Q)

uo(A”) l/uo(x )
oray 52O o
S°(A") — S°(X)

The construction of u; in Step 1 gives

500
T(X) — T°(4)

\Luo x) \Lul

5%
$0X) — $°(A)

We leave it as an exercise to check the cube formed by the four above diagrams is a
commutative cube. However, the cube is commutative implies the diagram we need
to show in Step 4 is commutative, and thus we are done.

24

There are other conditions that tells T is universal §-functor, which we record
below.

87



Theorem 13.14

Let T be a 6-functor between C and D.

1. If T™ are erasable for all n = 1 then T is universal 6-functor
2. If C has enough injectives and T"(I) = O for all injective I and all n > 1, then
T is universal 6-functor.

Theorem 13.15

Suppose C has enough injectives. For every additive left-exact T : C — D, the right
derived functors (R"T),s, is a universal &-functor such that T = R°T. Conversely,
every universal 6-functor T = (T"),s is isomorphic to the right derived 6-functor
(RnTO)HZO'

Proof. The first statement is 13.13, Proposition 13.10, and Theorem 13.8 together.
The converse is Proposition 13.7.

24

The dual results on d-functors and co-erasable by projective T, also holds, we leave
it to the readers to figure out the claims.

Theorem 13.16

If C has enough projectives. Then for every additive right exact T : C = D, (L, T),>o
is universal d-functor such that T = L,T. Conversely, every universal Jd-functor
T = (T,) is isomorphic to (L, T;),>o-

To conclude this section, we mention one (very important) application of universal
o-functor. The main point of 6-functors is to show two cohomology theories agree.
For example, for paracompact spaces the Cech cohomology H*(X,.%) is isomorphic
to H*(X,.# ), where the second cohomology is sheaf cohomology. The way we prove
this is to show both cohomologies are universal 6-functors, but they agree on the Oth
pieces, i.e. H(X,.#) = H°(X,.#) = I'(X,.Z) and hence by the above results, they
must agree overall.

14 Spectral Sequences

The exposition we take here mostly follow from the book “differential forms in alge-
braic topology”, as well as course notes. Since we can embed things into R-modules,
we will work with those instead of general abelian categories.

One of the motivation of spectral sequence is as follows: we want to compute
cohomology H(M ), where M has a filtration, but cohomology is hard to compute. On
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the other hand, maybe the cohomology for its filtration is easy to compute (its contains
smaller pieces anyway). Thus, we ask when is the cohomology of its filtration is equal
the cohomology of M. This gives spectral sequence. Thus, in some sense, spectral
sequence is the thing we use to approximate cohomology groups based on smaller
pieces. Each step of the approximation is called a page, and the infinite page will
hopefully be the original cohomology, but it is not always the case.

This construction of a spectral sequence by exact couples is due to Massey (see his
paper “exact couples in algebraic topology LII” in Ann of Math).

Definition 14.1
An exact couple (A, B) is an exact sequence of objects in abelian A of the form

A—i)A

AN

Given exact couple (A,B) we can define d : B —» B by d = j ok, and it is obvious
d? = jkjk = 0 asim(j) = ker(k) and so kj = 0. Thus, we can speak of the cohomology
group H(B) = ker(d)/im(d).

Construction 14.2

Let (A, B) be an exact couple, we can construct its derived couple

A/ i ! ; A/

N
B/

by:
1. A =i(A), B’ = H(B)
2. iis induced by i, i.e. i’(i(a)) = i*(a)
3. j'(a") = ja+im(d) € ker(d)/im(d) if a’ = ia € A
4. k' is induced by k, i.e. if [b] = b+im(d) lies in H(B) = B, then k’[ b] = kb.

This lies in i(A) because [b] € H(B) then jkb = 0 and hence kb = ia for
some a € A.

Right, in the above, we need to check j’ is well-defined. To that end, suppose we have
a’ =ia, and a’ = ia; for a;,a, € A. Then 0 = i(a, —a;) we see a, —a; = kb for
some b € B. Thus ja, — ja, = jkb = db, which shows j’(a’) is well-defined up to
an element in im(d), i.e. its well-defined in ker(d)/im(d). As you would expect, this
derived couple is also an exact couple, which we left as an exercise.

In the following, we are going to talk about some spectral sequences, and for that
we will first define what they are.
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Definition 14.3

A (homological) spectral sequence E = {E",d.} consists of a sequence of Z-
bigraded R-modules E" = {E;,q}er with differential
d: E  —E

such that E"*! Z H (E").

A morphism f : E — E’ of spectral sequences is a family of morphisms of complexes
f":E" — E" such that f"*! is the morphism H,(f") induced by f".

Dually we have cohomological spectral sequence.

Definition 14.4

A (cohomological) spectral sequence E = {E,,d.} consists of a sequence of Z-
bigraded R-modules E, = {EP?},, with differential

d. - EP9 — gptra—r+l
re=r r

such that E, ., = H*(E,)

Observe by setting EP4 = Eip o those two are just the same.

From an exact couple
A _’> A

AN

we can form a spectral sequence by repeatedly taking derived couples. That is, let
E' = (A,B), and let E" = (A", B") be after taking derived couple r times on E'. Then
{B",j" o k"} forms a spectral sequence (you actually need to prove this!).

14.1 Bockstein Spectral Sequence

Let C = C, be a torsion free chain complex over Z. By tensor with C on the short exact
sequence 0 — Z 2z Z/pZ — 0 we get

0-C—>C—->CQ®Z/pZ—0

Now take the induced homology sequence of this short exact sequence, we get

H,(C) > H,(C)

N

H.(C®Z/pZ)
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and hence get an associated spectral sequence. This resulting sequence is called mod
p Bockstein spectral sequence, with d" : E — E’ | for all r > 1, and we have short
exact sequence

0 — (p""'H,(C)) ® Z/pZ — E; — Tor(p"'H,4(C), Z/pZ) = 0
When r = 1, this is just the universal coefficient exact sequence.

We can describe this spectral sequence as follows. Let " be the functor on graded
abelian groups given by (X"A) ., = A,. For a cyclic abelian group 7, we have Z-free
resolution C(7t) given by Z in degree 0 if 7 = Z and by copies of Z in degrees 0 and
1 with differential xq° if T = Z/q°. Assume H,(C) is of finite type and write H,(C) as
direct sum of cyclic groups. For each cyclic summand, choose a representative cycle x
and, if T = Z/q°, a chain y such that d(y) = q°x. For each summand 7, these choices
determine a chain map %"C(7r) — C. Summing over the cyclic summands and over n,
we obtain a chain complex C’ and a chain map C’ — C that induces an isomorphism
on homology and on Bockstein spectral sequences.

The Bockstein spectral sequences {E"} of X"C(7) are easy to compute. When
n=127,E =Zand E' =0 for all m # n and all r. When n = Z/q’ for q # p, El =0
for all n and r. When ©w = Z/p°, E! = E® is F,in degreesnandn+1,d*: E, ; = E,
is an isomorphism, and E" = O for r > s. Returning to C, we see

E® =(H,(C)/TH,(C))®F,

where T (1) denotes the torsion subgroup of 7. Moreover, there is one summand Z?p°
in H,(C) for each summand F,, in the vector space d°E®.

Remark 14.5

The homology group H,(C) can be computed by the mod p Bockstein spectral
sequences where p range over all the primes p.

14.2 Spectral Sequence of Filtered Complex

Let K be a differential complex with differential operator D. A subcomplex K’ of K is
a subobject(e.g. submodule) such that DK’ C K’. A sequence of subcomplexes

K=K,2K,2K,2K;2 ...
is called a filtration on K. This makes K into a filtered complex.

Remark 14.6

Normally we will also have a grading on K, i.e. K = ,., C¥, and we assume D
has degree one, i.e. D|q : C* — C*™1. However, this is not necessary.
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Definition 14.7

Let K be a filtered complex, say K = K, 2 K; 2 K,..., then we define its associated
graded complex

o0
gr(K) = @Kp/Kp+l
p=0
For notational reason (since we are indexing stuff with Z), we will extend the filtration
to negative indices by setting K, =K if p <O0.
Example 14.8

Let K = P, , K" be a double complex with horizontal operator 6 and vertical

operator d. Then we can form a single complex by setting K = @, C* where
C* = @, K% The differential D : C* — C**! is defined by D = & + (—1)°d.
In this case, we get a filtration K,, by

K, = @@Ktq

izp q=0

4n

-
No
o
-

Now, suppose we have filtered complex K with differential D, we can define

A= Pk,

DEZ
and thus its a differential complex with D. Now we can define i : A — A by the

inclusion K,,; < K, and B be the cokernel of i, i.e. we get

O—)AL>AL>B—>O
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where j is the projection to the quotient A/ im(i). Its not hard to see
o
B = gi1(K) = (DK, /Kpua
p=0

Now, each of the term in the above short exact sequence 0 = A — A — B — 0 is also
a complex with differential induced from D.

Since we have a short exact sequence of complexes, we get induced long exact
sequence on cohomology, i.e. we get

0— H(A4) 5 H@) 2 HOB) S H'() 5 H' () S H'(B) 5 ..

In other word, we get an exact couple

H(A) ——— H(A)

AY

H(B)

Let us set A; = H(A) and B, = H(B), and just write i instead of i, here, as we are going
to repeat the above process over and over. Now, from this above exact couple

A —— A

ki\ %1
Bl

we can take its derived couple and get

Az—i)Az

k,z\ %2
BZ

and so on.

Example 14.9

Suppose our filtered complex terminates after K, i.e. we have
.=K,=K,2K,2K,2K;20

Thus we see
A=... 8K, 9K, 8K, ®K, ®K;,

and by taking cohomology we get
0 — H(K3) — H(K;) —» H(K,) —» H(K) — H(K) — H(K)

and thus A, is the direct sum of all the terms above. Now A, is obtained by taking
A; and apply i to it, i.e. A, is the direct sum of all the terms in the following
sequence

0 — iH(K;) —» iH(K,) —» iH(K;) > H(K) - H(K) — ...

93



Similarly A5 is obtained by apply two i to the sequence of A;, and A, is the direct
sum of terms in the sequence

0 — iiiH(K;) — iiH(K,) = iH(K;) > H(K) - H(K) — ...

Now, since i pushes the (p + 1)th pieces to pth pieces, and we only have 3 pieces,
when applying i three times, we just get an inclusion iiiH(K;) — iiH(K,), and
so on, i.e. all the arrows in the last sequence is just inclusion. This means A,
actually also equal A, for all n > 4. Now, since i : A, — A, is inclusion and we
have an exact couple, the map k, : B, — A, must be the zero map, i.e.

B,=B;=Bs=..

Since the A, and B,, becomes stationary, we will just denote this by A, and
B, and we have exact couple

Aoo L) Aoo
k;\ %oo
Beo

and A, is the direct sum of all the cohomology objects/groups
0 CiiiH(K;) CiiH(K,) C iH(K;) CH(K) =H(K) = ...

In this case, B, is just the associated graded complex of the filtered complex
H(K).

In general, suppose we have filtration of subcomplexes K = K, 2 K; 2 K, 2 ...,
then we get a sequence of cohomology objects

H(Ky) - H(K,) = H(K,) — H(K) = H(K) = ...
Take F, be the image of H(K,) in H(K), we get a filtration of H(K) by those F,’s, i.e.
H(K)=Fy2F, 2F,2F; 2 ...
We call this the induced filtration on H(K).

If the filtration on K is bounded below, i.e. only finitely many non-zero terms
going down (we say K has finite length, and call the number [ such that K; # 0 and
0=K;,; =K;,, = ... as the length), then by the exact same argument as in the above
example, we see A, and B, will be eventually stationary, and the value of B, is just
gr(H(K)), where H(K) is filtered by the F,.

In the above, we often write E, instead of B,, and the differentials are given by
d, = j, ok,, where we see E, = H(E,_;).

Definition 14.10

Let {E,,d,} be a spectral sequence with E_, exists. If E., is equal to the associ-
ated graded group of some filtered group H, then we say the spectral sequence
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converges to H.

Now we suppose K comes with a grading K = ,., K", and to distinguish the
grading degree n from the filtration degree p, we call n the dimension of K". The
filtration {K,} on K induces a filtration in each dimension, i.e. denote KI’; =K"NnKkK,,
then {K[’}} is a filtration on K".

Theorem 14.11

Let K = D,z K" be a graded filtered complex with filtration {K,} and H;(K) the
cohomology of K with filtration given by the image of H(K,) in H(K). Suppose
for each dimension n the filtration {K;} has finite length (i.e. only finitely many
non-gzero terms going down). Then the short exact sequence

0= @Ky DK, — £:6) 0
p p

induces a spectral sequence which converges to H} (K).

Proof. By treating the convergence question one dimension at a time, this proof re-
duces to the ungraded situation. Indeed, as before,

A =i HK,)
PEZ
if r>p+1,theni"H(K,) =F, and
1:1"H(Ky1) = "H(K})

is an inclusion. With a grading on each derived couple, i and j preserve the dimension,
but k increases the dimension by 1. Given n, let £(n) be the length of {K;} and let
r > {(n+ 1)+ 1. Then for any integer p,

l‘I‘HTl+1(Kp+1) = Fn+1

p+1

and
i: ian+l(Kp+l) N ian+l(Kp)

is an inclusion. Thus
ir :An+1 _>An+1
r r
is an inclusion and
kr :Bn _)An+1
r r

is the zero map. Therefore, as r — ©o, the group B! becomes stationary and we can
define B as this stationary value. Note

A, =PF
p

. n n . :
and that i, sends F, | into F' for every n. Because io, : D, Fpr1 = D, F, is an

inclusion, B, is the associated graded complex P, F,/F,,; of H}(K).

95



14.3 Spectral Sequence of Double Complex

Now take K = (D K7 be double complex with a filtration {K,} as in Example 14.8.
In this subsection we will focus on this particular case and obtain refined version of
Theorem 14.11.

Observe that A= (D K, is also a double complex, and we can form a single complex
A = @ A* by summing the bidegrees, i.e. AX consists of all elements of A whose total
degree is k. We get inclusion i : A* — A* by

i:A*nK,,; >A"NK,

The single complex A inherits the differential operator D = 6 + (—1)”d from K. Sim-
ilarly, B = (P K,/K,,, can be made into a single complex with opeartor D. Note the
differential operator D on B is (—1)?d. Thus

E, = Hp(B) = Hy(K) (Eq. 14.1)

Recall the coboundary operator k; : H(B) — H(A) is the coboundary operator of

the short exact sequence 0 — A = A-L B — 0 and hence is defined by the following
diagram

©)
0 — A'nK,,, — A"nK, — B"'nK,/K,,; —> 0
£) T £) (Eq. 14.2)
| |

0 — A“NK,,; — A“NK, —5—> B*NK, /Ky — 0

Let b in A NK, represent a cocycle [b] in Bk NK,/K,.;. This correspond to the (1) in
the above. To get k,([b]) we need to go through (2) and (3) above, which correspond
to compute Db and take its inverse under i.

Since b represents an element of E; = H,(B) = H;(K) such that db = 0, we see
Db=06b+(—1)’db = 6b. Thus, k,[b] =[6b], and so the differential d; = j,k; on E;
is given by 6. Consequently,

E, = H;H,(K) (Eq. 14.3)
We now compute d, on E,. Observe an element of E, = Hs;H,(K) is represented by an
element b in K such that db =0 and 6b = —D”¢ for some ¢ € K, where D” = (—1)Pd,
i.e. we have

T O
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We will denote the class of b in E,, if it is defined, by [b],
derived couples we see

. From the definition of
dy[b], = Joko[b], = joki[b]

To compute j,k,[b];, we need to find a such that k,[b]; = i[a];. Then j,k,[b], =

[j1al,. Since k;b is in A“"' NK,,,, a lies in A**' NK,,,. To find a we use not b but

b +c in AF NK, to represent [b], in (1) of the diagram Eq. 14.2. This is possible since
b and b + ¢ have the same image under the projection K, — K,,/K,,;. Then

ki(b+c)=D(b+c)=bc
and thus

d,[b], =[6c], (Eq. 14.4)
Thus the differential d, is given by the 6 of the tail of the zig-zag which extends b, i.e.

= =

It is easy to show &c represents an element of HsH,;(K) and that the definition of
d,[b], is independent of the choice of c.

Now, observe that if d,[ b], = 0, then we can find c,, ¢, such that b can be extended
to a zig-zag as shown

0

t

b

|

€11
}
Ca
where D”b =0, 6b =—D"c, and 6¢c; =—D"c,.

We say that an element b in K lives to E, if it represents a cohomology class in E,,
i.e. bis a cocycle in E,,E,,...,E._,. From the discussion above, we see b lives to E,
if it can be extended to a zig-zag of length 2, where the length being the number of
terms in it, i.e.
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T— O

with db =0, 6b = —D"c and d,[b], = [6c],. It lives to E; if it can be extended to a
zig-zag of length 3, i.e.

et &

€2

with db =0, 6b = —D”¢; and dc; = —D”¢,. To compute d;[b];, we use b+ ¢; + ¢,
in A* N K, to represent [b] € B*N (K,/K,,,) in (1) of Eq. 14.2, so ks[b], is given by
D(b+c;+c,) =06cy and ds[b]; =[6c¢,]5. In general, parallel to the discussion above,
an element b € KP lives to E, if it can be extended to a zig-zag of length r, i.e.

o— o

Cy——

Cy3 —4—

[

and the differential d, on E, is given by 6 of the tail of the zig-zag

d.[b], =[6c,_;] (Eq. 14.5)
Thus, we see the bidegrees (p,q) of the double complex K = @ KP4 persist in the

spectral sequence
—_— p’q
E.=PE
p’q
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and d, shifts the bidegrees by (r,—r + 1):
dr ) U N Ep+r,q—r+1
The filtration on H(K) = @ H"(K):
H(K)=Fy2F, 2F, 2 F3 2 F,4...

induces a filtration on each component H"(K), the successive quotients of the filtration
being E%", EL"1 ... ER0:

H'K)=(F,nH") 2 (F,nH") 2 (F,nHY2..2(F,nH") 20 (Eq. 14.6)

with E%" = (F,nH")/(F,NH"), EL"! = (F,NH")/(F,NH") and so on. In other word,
we have

EO. n

El.n—l

In short, we have proved the following result:

Theorem 14.12

Given a double complex K = P, ;>0 K", there is a spectral sequence {E,,d,} con-
verging to the total cohomology Hy,(K) such that each E, has a bigrading with

d. - EP9 — gptra—r+l
re=r r

and
EY'=HP(K), Ey?=H; Hy(K)
Furthermore, the associated graded complex of the total cohomology is given by

gr(HI(K)) = P EPA(K)

ptq=n

Now, observe instead of using the filtration in Example 14.8, we can define a fil-

tration on K by
Ky = @ @Kp’j

j=q p=0

This gives spectral sequence {E,d’} also converging to the total cohomology H),(K),
but with
E; =H;(K), E,=H,Hs(K)
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and
/. m/pg Ip—r+1,q+r
d :EPl—E

Example 14.13

Let M be a manifold with good cover /. Consider double complex K = € KP4
with
ka= ] ouu,n..nu,)=:c’u,a
ap<...<a,

where Q%(X) is the g-forms on X. Then, the rows of K are the Mayer-Vietoris
sequences (e.g. if M = U UV is a good cover then its Mayer-Vietoris sequence is
0->QUUV)—- QU)®Q(V) - Q(UNV) — 0). Thus, the E, term of the
second spectral sequence (i.e. we use the filtration K, = @, P ,=0 K*’) E; = D;
is given by

QM) | 0
QM) | 0
QM) | 0
QM)| ©

Thus, E, is taking H on E;, and by definition this is the de Rham cohomology; i.e.
E, = HyH; is equal

Hp(M)| 0

Hipg(M)| 0

Hpx(M)| 0

Hpx(M)| 0
In general, a spectral sequence is said to be degenerate at E, ifd, =d, ., =... = 0.
For such a spectral sequence, E, = E, ., = E,,, = ... = E,. The degeneration of

the second spectral sequence {E’,d’} at E, concludes that we have an isomor-
phism

HE (M) = P HYHC U, )

p+q=k
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Now consider the spectral sequence we obtained by the filtration of Example
14.8. Its E; term this time is

pi= [] BUU,N..nH,)=

ap<...<a,

0 ifg>0
CPU,R) ifg=0

where C?(U, R) consists of locally constant functions on (p + 1)-fold intersections
Ug,N...NU, . By taking the E, page, we are taking the cohomology on the cochain
complex CP (U4, R), which is just the Cech cohomology. That is, E, = HsH, is given
by

HO(U, R) | H'(U, R) [ HA(U, R)

The degeneration of this spectral sequence gives

H*U,R)= P E'= P EPd=HE(C(WU, Q)

p+q=k p+q=k
Together we concluded
H;R(M) =H"(U{,R) for all integers k

In particular, what this means is that the de Rham cohomology is isomorphic to
the Cech cohomology, and the Cech cohomology does not depend on the choice
of good cover (as its isomorphic to H ER(M ).
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